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Axi-symmetric MPM

Abstract

It has been 25 years since Sulsky and her co-workers developed the first version of the material point
method (MPM): a quasi particle method to solve continuum mechanics problems. In the MPM, the continua are
discretized by Lagrangian particles moving over a fixed Eulerian background grid. As a result, large deformation
and contact can be treated effortlessly. Since then, many improved instances of the MPM have been developed
and the MPM has found applications in many fields from geoengineering to movie industry. As the MPM
has now been matured and a large body of literature on it exists, it is a good time to ponder and reflect on
the developments of the method to date. To this end, this manuscript provides a concise introduction to the
MPM, covering theory, implementation and applications. All the algorithms required to have a working MPM
implementation for the simulations of solids, fluids and their interactions are provided. We have coded these
algorithms in in-house open source programs and used them to study the performance of different MPM variants
for large deformation solid mechanics problems. These problems exhibit large plastic deformation, fractures
and contacts. Convergence of different MPMs (CPDI, GIMP, B-splines, Total Lagrangian MPM, improved
MPMs) are studied. Furthermore, MPM formulations for fluids/gases and heat conduction are also covered.
Potential areas for improvement on the method have been identified. The paper is the first review of the MPM
and presents a state-of-the-art of the current MPM literature covering 339 references.

Keywords— Material Point Method, solid mechanics, large deformation, contact, fracture, fluid mechanics, FSI

4

108
109
110
110

111
111
112
112
113
113
113
114

115

117
117
118
118

119
119
120

121
121
121
122
123

124



1 Introduction

Computer simulations have become a mainstream tool in virtually every engineering fields ranging from civil engineering,
mechanical engineering, geo-engineering, biomedical engineering to material sciences. They are not only useful for problems
that are too complex to be solved analytically, but also increasingly replacing real experiments which are costly and time
consuming. Furthermore, they can provide us tremendous information at scales of space and time where experimental
visualization is difficult or impossible.

Nowadays computer simulations are mainly carried out in the framework of the finite element method, abbreviated by
FEM, which was developed back in 1943 [Courant, 1943]. Although the method is well established and widely used in
both academia and industry, when it comes to problems that involves very large deformation, the FEM reaches its limits.
It is because the FEM relies on the discretization of space into a finite number of elements which will become, for large
deformation problems, so distorted that accuracy is lost or even worse the simulations could crash prematurely. While this
problem can be resolved via remeshing, deriving an optimal mesh adaptation strategy is by no means an easy task. Meshless
or meshfree methods (MMs) were developed to remedy these problems.

Meshless methods are so named as the space is discretized into a number of points, or particles, in which each point
interacts with its neighboring points in a flexible manner: not via a rigid mesh as in the FEM. It should be noted that up
to now, there is no unified framework for meshfree methods. This is reflected by the plethora of existing methods' in the
literature. The oldest developed method is Smoothed Particle Hydrodynamics (SPH) introduced by Gingold and Monaghan
[1977], Lucy [1977] which was used for modeling astrophysical phenomena without boundaries such as exploding stars and
dust clouds. Next, the Generalized Finite Difference Method of Liszka and Orkisz [1980] was proposed followed by the
Diffuse Element Method (DEM) by Nayroles et al. [1992], the Element Free Galerkin (EFG) by Belytschko et al. [1994];
the Material Point Method [Sulsky et al., 1994], the Reproducing Kernel Particle Method (RKPM) by Liu et al. [1995]; the
h — p cloud method [Duarte and Oden, 1996]; the Natural Element Method [Sukumar et al., 1998]; the Meshless Local Petrov
Galerkin (MLPG) by Atluri and Zhu [1998]; the Maximum entropy [Arroyo and Ortiz, 2006]; the Particle Finite Element
Method (PFEM) of Idelsohn et al. [2006], Sabel et al. [2014], the optimal transport meshfree method (OTM) of Li et al.
[2010], just to name but the most popular meshfree methods. For a comprehensive consideration of MMs, we refer to various
review articles, for instance Belytschko et al. [1996], Babuska et al. [2002], Nguyen et al. [2008], Chen et al. [2017], Doblaré
et al. [2005] (focused on the applications of meshfree methods in biomechanics), and Jacquemin et al. [2019] discussing
generalized finite difference and collocation methods. Some excellent textbooks on this topic have been written [Liu and Liu,
2003, Liu, 2002, Li and Liu, 2007, Fasshauer, 2007].

In recent years, it seems that the MPM has received a lot of attention in geotechnical engineering. Indeed, the method
was featured in Alonso’s 2017 Rankine Lecture and two international conferences on the MPM were organized by the
Anura3D MPM Research Community in 2017 and 2019. Moreover, an increasing number of papers describes its use for
various geotechnical problems, for instance see Fern et al. [2019]. See also Fig. 1 to see an increasing number of works on
the method. The MPM has also received significant attention in computer graphics. It has been integrated into the production
framework of Walt Disney Animation Studios and has been used in featured animations including Frozen, Big Hero 6 and
Zootopia [Jiang et al., 2016]. Due to its popularity, one could anticipate that there would be many researchers who will adopt
the MPM.

# of MPM papers
=
w

0,
1990 1995 2000 2005 2010 2015 2020
Years

Figure 1: Number of papers on the MPM since the early 90s. The data contains 278 references including papers, Master and
PhD theses. A Python script was used to create this plot based on a bib file.

'The wikipedia page on meshfree methods lists about 30 methods and new methods are being created, https://en.wikipedia.
org/wiki/Meshfree_methods.
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For people new to the MPM, a textbook such as that of Zhang et al. [2016] is undoubtedly valuable. Since this book
is already three years old, we believe that a review would provide updated literature and be more accessible. Furthermore,
an exhaustive examination of the MPM and its applications will not only provide an opportunity to re-examine previous
contributions, but also re-organize them in a coherent fashion and anticipate new advancements. Finally, after more than two
decades, a comprehensive review of the MPM is in order.

With that in mind, in this paper a unified presentation of all common variants of the MPM is presented. This review
covers theory, implementation, applications and limitations of the method. More specifically, the following is presented:

e The standard MPM originally developed by Sulsky et al. [1995], the BSMPM [Steffen et al., 2008a], the Generalized
Interpolation Material Point (GIMP) method [Bardenhagen and Kober, 2004], the Convected Particle Domain Interpo-
lation (CPDI) of Sadeghirad et al. [2011], improved MPMs [Sulsky and Gong, 2016, Wobbes et al., 2019] and finally
the Total Lagrangian MPM (TLMPM) of de Vaucorbeil et al. [2019];

e Implementation of all the above MPM variants with and without contacts;

e MPM formulations employing either a Cartesian grid or an unstructured mesh;
e Basic implementation of weakly compressible fluids and gases;

e Basic implementation of a coupled thermo-mechanical MPM;

e Convergence analysis of the MPM;

o A state-of-the-art literature review of the MPM covering 339 references up to late 2019.

All the points discussed here are based on our own results, obtained using various in-house codes but mostly with
Karamelo, our 3D parallel open-source MPM code. Equations and algorithms necessary to reproduce them are clearly
presented. Futhermore, all figures are original and some results are new.

As many other codes exist, one of the most popular being Uintah MPM [Parker et al., 2006], why yet another code?
We believe that to fully understand a numerical method, one has to get their hands dirty. It is fun. Other codes are not well
documented and thus requiring a steep learning curve for new users, particularly when one has to modify them.

Karamelo is a fully modular, 1D, 2D, and 3D parallel code written in C++. Its structure is based on that of the popu-
lar molecular dynamics simulator LAMMPS [Plimpton, 1995]. Karamelo is at the forefront of the continuum mechanics
simulation work done at the Institute of Frontier Materials at Deakin University as well as at the Departments of Civil
Engineering and Materials Science and Engineering at Monash University, Australia. The code is made open source to ensure
full reproducibility of all the presented simulation results.

We present a state-of-the-art literature review of the MPM covering 339 references, of which more than 278 papers are
directly related to the MPM, up to late 2019. It is obvious that our list of references is not exhaustive and absence of relevant
items are due only to our focused idiosyncrasy and negligence. Due to our lack of expertise in geo-technical engineering,
MPM algorithms specific to this field are not discussed and we refer to Fern et al. [2019] for details. To prevent this paper
from being a book, details of some interesting topics have been omitted, including implicit dynamics MPM, quasi-static
MPM solver, fluid-structure interaction etc. However, readers are directed to the relevant references for more details.

Our journey starts with this introduction which is structured as follows. First the basic idea of the MPM is given in
Section 1.1. What are common MPM variants? How the MPM handles contacts and fracture? What are the sources of errors?
Then, in Section 1.2, applications of the MPM in different areas are discussed. Section 1.3 summarizes the literature on
mathematical analysis of the MPM algorithms. Some useful resources on the MPM, including open source and commercial
codes are discussed in Section 1.4. Finally, the layout of the remaining of this paper is then stated in Section 1.5 followed by
a discussion on notations in Section 1.6.

1.1 A brief introduction to the MPM

The Material Point Method is one of the latest developments in particle-in-cell (PIC) methods. The first PIC technique was
developed in the early 1950s by Harlow [1964, 2004] at Los Alamos National Laboratory and was used primarily in fluid
mechanics. The first PICs suffered from excessive energy dissipation which was overcome in 1986, by Brackbill and Ruppel
with the introduction of FLIP-the Fluid Implicit Particle method [Brackbill and Ruppel, 1986, Brackbill et al., 1988]. In
computer graphics, PIC/FLIP has become the de facto standard method for fluid simulations [Zhu and Bridson, 2005]. The
FLIP was later modified and tailored for applications in solid mechanics by Sulsky and her co-workers [Sulsky et al., 1994,
1995] at University of New Mexico and has since been referred to as the Material Point Method [Sulsky and Schreyer, 1996].
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In FLIP, the strain and stresses are stored at the cell centers. Yet, in the MPM, they are carried by the particles themselves.
Thus, the MPM particles carry the full physical state of the material including position, mass, velocity, volume, stress,
temperature etc. Note that in PIC, the particles carry only position and mass.

The MPM is built on the two main concepts already used in PIC that are the use of Lagrangian material points that carry
physical information, and a background Eulerian grid used for the discretization of continuous fields (i.e., displacement field).
For a short description of the Lagrangian and Eulerian descriptions, see Fig. 2.

Figure 2: Lagrangian description (top) versus Eulerian description (bottom). In a Lagrangian description, the grid is attached
to the solid and thus it deforms during the deformation process of the solid. Each point in the grid is always associated to just
one single material point, thus making modeling history-dependent materials easy. The solid boundary is also well defined.
However, the grid can become distorted. On the other hand, the Eulerian grid is fixed in space and material flows through the
mesh. Mesh distortion never happens.

1.1.1 Lagrangian particles and Eulerian grid

In the MPM, a continuum body is discretized by a finite set of n, Lagrangian material points (or particles) that are tracked
throughout the deformation process. The terms particle and material point will be used interchangeably throughout this
paper. In the original MPM, the subregions represented by the particles are not explicitly defined. Only their mass and
volume are tracked. In advanced MPM formulations such as GIMP or CPDI, the shape of these subregions is tracked
though. Each material point has an associated position x;, (p =1,2,...,np), mass mp, density pp, velocity v,, deformation
gradient F, Cauchy stress tensor o, temperature 7, and any other internal state variables necessary for the constitutive
model. Collectively, these material points provide a Lagrangian description of the continuum body. Since each material point
contains a fixed amount of mass at all time, mass conservation is automatically satisfied.

The original MPM developed by Sulsky is effectively an updated Lagrangian scheme. For this MPM, the space that
the simulated body occupies and will occupy during deformation is discretized by a grid, called background grid where the
equation of balance of momentum is solved. On the other hand, in the Total Lagrangian MPM [de Vaucorbeil et al., 2019], the
background grid covers only the space occupied by the body in its reference configuration. We refer to Fig. 3 for a graphical
illustration of material points overlaying on a Cartesian grid for both ULMPM and TLMPM. The use of a grid allows the
method to be quite scalable by eliminating the need for directly computing particle-particle interactions. The particles interact
with other particles in the same body, with other solid bodies, or with fluids through a background Eulerian grid. Most often,
a fixed regular Cartesian grid is used throughout the simulation for efficiency reasons.

Remark 1 After submission of this paper, we got to know the so-called Discontinuous Galerkin MPM (DGMPM) presented
in Renaud et al. [2018, 2019]. This DGMPM also adopts a Total Lagrangian formulation. Even though the DGMPM has
many promising features (close to finite volume methods, easy for mesh adaptation etc.), it needs to be tested for more
challenging problems to see the true benefits compared with other MPM variants.

1.1.2 The basic MPM algorithm

The MPM was originally developed to solve fast transient impact solid mechanics problems [Sulsky et al., 1994]. Therefore,
the MPM has been developed using an explicit solver as for such problems they are more efficient than implicit ones. The
method was then applied to other applications in which the loading rates are low. For these problems, implicit solvers are
more suitable. Since the explicit MPM algorithm is simpler than the implicit, in what follows, the updated Lagrangian MPM

7
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Figure 3: The MPM discretization: the space is discretized by a background grid which can be either a Cartesian grid or an
unstructured grid (not shown), while a solid is discretized using particles. The updated Lagrangian MPM grid covers the
entire deformation space whereas the total Lagrangian MPM grid only covers the initial configuration.

algorithm is presented using an explicit solver. Implicit MPM formulations are discussed in Remark 18. From the updated
Lagrangian MPM, the total Lagrangian MPM is obtained by making only slight modifications.
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Figure 4: Material point method: a computational step consists of four steps: (1) P2G (Particle to Grid) in which information
is mapped from particles to nodes, (2) Grid Updating in which momentum equations are solved for the nodes, (3) G2P (Grid
to Particles) where the updated nodes are then mapped back to the particles to update their positions and velocities and (4)
Grid resetting where the grid is reset. The operations in dashed boxes are not present in the ULFEM.

A typical explicit ULMPM computational cycle is given in Fig. 4. We refer to Table 1 for a list (not exhaustive) of
notations and Table 3 for abbreviations. This algorithm is somewhat premature in the sense that some terms have not yet
been precisely defined, but it is presented at this stage to give some perspective. The first step is mapping information from
the particles to the grid (P2G) since the grid is reset at every cycle. Next, the discrete equations of momentum are solved on
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the grid nodes (Grid updating). Then, the particles’ position, velocity, volume, density, deformation gradient, stresses and all
relevant internal variables are updated (G2P). These last two steps are equivalent to updated Lagrangian FEM. Therefore, it
is incorrect to state that the MPM uses a Eulerian kernel as in Gupta et al. [2011]. Finally, the grid is reset to its original state.
Due to this grid resetting mesh distortion never occurs making MPM a good method for large deformation problems. Note
that the grid needs not to be reset at every time step. For instance, reset can be done every N time steps. N could be as large
as one wants. The grid can also never be reset [Guilkey et al., 2006]. Moreover, a completely new grid can be used. But to
the best of our knowledge, this is not yet implemented in any code.

It is quite difficult to precisely categorize the MPM due to the combination of Lagrangian particles and a background
grid. In our view, since the MPM solves the momentum equations in their weak form, it can be seen as a Galerkin meshfree
method, similar to EFG, the RKPM, the OTM. What differentiates the MPM from other Galerkin MMs is the ease with which
the shape functions are constructed. Indeed, they are simple and efficient polynomials defined on a fixed Eulerian grid. Note
that most of meshfree shape functions are computationally expensive rational functions defined on a cloud of nodes. When
the grid is not fixed, the MPM is very similar to the OTM (or vice versa). The difference being that the OTM adopts the
max-ent approximation [laconeta et al., 2017]. Contrary to OTM, the MPM uses a background grid which if not fixed would
generate mesh entanglement problems, similarly to updated Lagrangian FEM.

1.1.3 Advantages and disadvantages of the MPM

Advantages of the MPM include:

the absence of mesh-entanglement problems;
e error-free advection of material properties via the motion of the material points;

e ano-slip, no-penetration contact algorithm is automatic to the method. That is, it comes at no additional computational
expense;

e a straightforward and efficient treatment of frictional contacts of multi-bodies thanks to the background Eulerian grid;
e suitability for image-based simulations, as it is easy to convert images into an MPM model;

e an easy computer implementation of the MPM compared to existing meshfree methods. The MPM algorithm is easily
programmed for parallel, distributed-memory computers through decomposition of the computational domain;

o the leverage of existing well-studied FEM algorithms due to the similarity of the MPM with the FEM.

In addition to these advantages that the MPM offers, as with any numerical method, it has its own set of shortcomings:
e large memory footprint since the grid has to cover the entire region that the bodies occupy;

e formal analysis (convergence, error and stability) of the MPM is extremely difficult;

e enforcement of boundary conditions is difficult compared with the FEM;

e lower accuracy than the FEM as the material points do not generally lie at the optimal positions for numerical
integration.

The first item applies only to the ULMPM not the TLMPM since in the later the grid covers only the initial undeformed
configuration. The formal analysis of the MPM is extremely difficult due to the irregular distribution of the particles but also
due to their relative motion with respect to the grid. If such an analysis is to be carried out, many assumptions are required to
make the analysis manageable i.e., 1D, linear elastic materials, particles do not move from one cell to another [York et al.,
1999]. The difficult enforcement of boundary conditions is due to the lack of an explicit representation of boundaries. But, it
is still easier than some other methods (e.g., SPH) [Raymond et al., 2018]. Finally, the low accuracy only applies to small
and moderately large deformation problems.



1.1.4 Existing MPM formulations

The main differences between MPM variants emerge from the use of (i) different grid basis functions, (ii) different time in-
tegration schemes, and (iii) different types of the grid (Cartesian or unstructured). The discussion herein limits to the ULMPM.

Use of different grid basis functions. In the original MPM, dubbed herein as the standard/conventional MPM, the grid
basis functions ¢y (x) are linear hat functions. Because these functions are only C?, the standard MPM suffers from the
so-called cell-crossing instability when particles cross the cell boundaries. In an attempt to remedy this issue, Bardenhagen
and Kober [2004] introduced the generalized interpolation material point (GIMP) method. In GIMP, contrary to the original
MPM, particles are not point like, but rather have finite extent, see Fig. 5. The resulting grid basis functions of GIMP are
C! smooth functions which resemble B-splines functions used by Steffen et al. [2008c]. The MPM with B-splines, named
BSMPM, is now quite popular [Stomakhin et al., 2014a, Tielen et al., 2017, Gan et al., 2018].
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Figure 5: Particles in the standard MPM (MPM with hat and B-splines functions), GIMP and CPDI.

Another issue related to particles moving from one cell to another is numerical fracture (unphysical separation of the
solid). This happens when two originally adjacent particles are separated by a distance high enough such that they no longer
interact with each other. This distance depends on the type of grid function used.

Even though in GIMP, particle domains are tracked to some extent, gaps between them remain leading to low accuracy
under arbitrary deformations. The Convected Particle Domain Interpolation (CPDI), the latest development in GIMP, pro-
posed in Sadeghirad et al. [2011, 2013] solves this problem. In CPDI, particles are modeled as quadrilaterals and tetrahedrons,
in 2D and 3D, respectively. Therefore, the deformed solid is tiled without gap for arbitrary loadings, see Fig. 5c. CPDI is
very good at handling extreme tensile deformations without exhibiting numerical fracture and is able to faithfully represent
complex geometries. However, it is not exempt from issues. First, CPDI suffers from mesh-distortion problems that go against
the spirit of the conventional MPM, see Wang et al. [2019]. Second, the solid must be meshed to prevent gaps. Again, this
goes against one of benefits of MMs compared to the FEM: the discretization of a solid as a set of points is much faster and
less complex than the meshing process in the FEM. Third, parallelization is more complicated in CPDI [Homel et al., 2016]
as particles might have a domain of influence large enough to span over many different CPU domains.

Use of different time integration schemes. The most common implementation of the MPM uses an explicit integration
scheme, but implicit MPM also exists. Explicit time integration schemes are easy to implement, efficient and stable for short-
duration dynamic problems. On the other hand, for low strain rate and quasi-static problems e.g., manufacturing problems like
metal rolling, upsetting, and machining, it is more efficient to use an implicit time integration scheme. In an implicit MPM,
one can either form explicitly the Jacobian matrix or adopt a matrix-free solver. In the following, we review the implicit
MPM for both dynamics and quasi-static problems.

The first to use an implicit scheme for the MPM were Cummins and Brackbill [2002]. They applied it to the simulation
of quasi-static loading of granular materials. Implicit integration schemes are known to be computationally expensive.
Therefore, to reduce computational time (by avoiding the construction of the tangent matrix), they adopted the matrix-free
Newton-Krylov algorithm. Sulsky and Kaul [2004] reported a similar method and Love and Sulsky [2006a,b] extended it
for hyperelastic-plastic materials. These papers adopted a three-field formulation to avoid volumetric locking (Section 5.2
provides a discussion on volumetric locking). Conservation of linear and angular momentum of the MPM was discussed in
detail in these references. Nair and Roy [2012] implemented this matrix-free implicit dynamics for GIMP. This matrix-free
approach was extended to quasi-static problems in Sanchez et al. [2015] where it showcased the advantage that a consistent
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material tangent, which is usually hard to obtain for complex constitutive models, is not required.

In contrast, Guilkey and Weiss [2003], Wang et al. [2016] explicitly formed the tangent stiffness matrix and used the
Newton-Raphson method together with the well known Newmark integration scheme to solve the equilibrium equations
in time. They reported that time steps hundreds of times larger than those used in explicit MPMs. Moreover, the use of a
consistent tangent allows time steps to be much larger than those for the matrix-free formulation of Cummins and Brackbill
[2002], Sulsky and Kaul [2004]. We refer to laconeta et al. [2017] for a detailed presentation of the algorithm of Guilkey and
Weiss [2003].

Cartesian grid versus unstructured grid. In the MPM a uniform Cartesian grid is usually used. This eliminates the need
for computationally expensive neighborhood searches during particle-mesh interaction (i.e., to which nodes a particle maps
its data and vice versa). Furthermore, it is easier to develop smooth C k (k > 1) basis functions with a Cartesian than with an
unstructured grid.

On the other hand, in the geo-technical engineering community, unstructured grids are usually adopted. Wieckowski
et al. [1999], Wieckowski [2004] were the first to use an unstructured grid for silo discharging applications. Since then,
unstructured meshes have been used in later works of related research groups in University of Stuttgart, Germany and Delft
University of Technology, The Netherlands e.g., Beuth et al. [2011], Jassim et al. [2013]. In contrast to a Cartesian grid, the
search for which element contains a given particle in an unstructured mesh is not trivial and is very time-consuming. However,
the use of an unstructured grid facilitates the enforcement of complex boundary conditions (i.e., boundary conditions on
curved surfaces).

In a line of research parallel to that of GIMP and CPDI, Zhang et al. [2011] proposed the dual domain MPM (DDMPM)
for unstructured grids. DDMPM was motivated by the difficulty to develop C! functions for an unstructured grid to mitigate
the cell-crossing issue. The basic idea is to map the particle stresses to the grid nodes and then interpolate them to obtain
a continuous stress field at any point of the domain. This dual mapping process makes a smoother gradient emerge. More
recently de Koster et al. [2019] developed C 1 basis functions over unstructured grids using Powell-Sabin functions [Powell
and Sabin, 1977]. We refer to Section 4.4 for a presentation of the MPM using unstructured grids.

High order MPMs. Even though impressive simulations have been done with the MPM and its previously presented
variants, rigorous analyses of the method for simple problems show that the convergence rate is poor (rarely of second order)
as explained further in Section 1.3. Aiming to improve the order of convergence, Wallstedt and Guilkey [2011] presented a
weighted least square MPM for solids and Edwards and Bridson [2012] proposed a moving least square (MLS) MPM for
fluids. An improved MPM (iMPM) was presented by Sulsky and Gong [2016]. In the iMPM, the hat functions are used for
all the mapping except the velocity mapping from particle to node for which MLS is used. Additionally, one point quadrature
is used i.e., the quadrature points are the cell centers. This removes cell-crossing instability. They demonstrated second-order
convergence for iMPM, but only for moderately fined meshes. No convergence was observed for very fine meshes. Similar
ideas can be found in Wobbes et al. [2019]. This high order of convergence were only demonstrated for 1D problems. Very
recently, Liang et al. [2019] also use one-point quadrature but the cell center data are reconstructed, not via MLS, but with
an extra staggered grid. A presentation of the iMPM is given in Section 5.5.

MPM variant Efficiency Quad. error Cell crossing Num. fracture Grid type Contacts
MPM ©e6 @06 yes yes Cartesian/unstructured ©
GIMP ©06 ®06 no yes Cartesian ©

CPDI ©06 ® no no Cartesian ©
TLMPM OO 0 no no Cartesian/unstructured @
iMPM © ® no n/a n/a n/a

Table 1: Overall characteristics of common MPM variants.

Another stability issue of MPM is the so-called null space issue — the mapping of non-zero particle values can result in
zero nodal values. This problem arises from the difference between the number of particles and the number of the nodal grid
points. Null space issue might be the culprit to the non convergence of iMPMs when used with very fine meshes. Methods to
solve this issue are presented in Gritton and Berzins [2017], Tran and Sotowski [2019].

A table presenting the characteristics of common MPM variants is given in Table 1. Note that even though the iMPM
was applied to the standard MPM only, it can be used with other MPM formulations.
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1.1.5 Multiphysics MPM

Although the MPM was originally developed for mechanical problems, it also has been extended to the simulation of
multi-physics problems. Such simulations involve solving a coupled system of more than one partial differential equations.
For example, for thermo-mechanical processes, the equation of motion is coupled with the energy balance equation (or heat
diffusion equation) as presented in Chen et al. [2008], Nairn and Guilkey [2015], Fagan et al. [2016], Tao et al. [2016], Gritton
et al. [2017], Tao et al. [2018], Leroch et al. [2018]. They show that when the explicit MPM solver is used, incorporating the
heat diffusion is straightforward using an staggered solver. Among these works, Fagan et al. [2016] demonstrated that the
MPM is able to simulate friction stir welding (FSW). FSW is a recent and complicated thermo-mechanical process used to
join different materials which is still not well understood. And Gritton et al. [2017] reported first coupled chemical/mechanical
MPM simulations of the deformation of a silicon anode. Since these are important developments in the MPM, the algorithms
used to solve thermo-mechanical coupling is presented in Section 5.3.

1.1.6 Contacts

A contact happens when two deformable solids touch each other. It is a key element to understand many engineering problems
such as pile-soil interaction, wear, metal forming processes, etc. The simulation of contacts remains challenging and various
algorithms (e.g., note-to-segment contact, segment-to-segment contact, penalty and Lagrange multiplier methods) have been
developed [Benson, 1992]. However, it is much easier in the MPM due to the use of a background grid. Indeed, it was
developed mainly to handle contact problems.

A no-slip no-penetration contact is inherent in the MPM i.e., contact of solids is automatically handled without any
extra numerical treatment. This is due to the use of a single-valued velocity field for updating the positions of the material
points. This automatic no-slip contact ability of the MPM has been used in many works that involve complex contacts. For
example, Bardenhagen et al. [2005], Brydon et al. [2005] used GIMP to simulate the compression of foam microstructures
to full densification. This is a challenging problem which involves the combination of discretizing complex microstructures,
simulating large deformations and multiple contacts. This work demonstrated that particle methods are well suited for the
simulations of solids with complex geometries because body-fitted meshes are not needed. Nairn [2006]> applied the MPM to
study the transverse compression and densification of wood. Liu et al. [2015a] studies honeycomb sandwich panel subjected
to high-velocity impact. And more recently Sinaie et al. [2019] simulated the large deformation response of cellular structures
which involve many contacts.

In contrast, frictional contact between different bodies or self contact within a single solid requires a modification of the
standard MPM algorithm.

Multi-body frictional contacts. The first the Coulomb frictional contact algorithm in the MPM was probably presented
by Wieckowski et al. [1999] to model between a deformable body and a rigid wall in silo discharging simulations. At the
same time, York et al. [1999, 2000] observed that two bodies sometimes "stick" to one another unphysically when they
should separate. To alleviate this problem, they proposed the first contact algorithm for the MPM that allows the contacting
bodies to release from one another. But the contact is still no-slip. Bardenhagen et al. [2000, 2001] extended York’s contact
algorithm to frictional contact and used it to model interaction between grains in granular materials. Bardenhagen’s algorithm,
known as multi-material or multi-body contact, is very efficient as it is linear in the number of grains and allows separation,
sliding and rolling. The algorithm’s basic idea is to modify the velocities of contact nodes (i.e., those receive contributions
from more than one material/body) to account for the collision. This algorithm is very popular. For instance, Nairn [2013]
used it with modifications to model imperfect (debonding) interfaces. An improved version of Bardenhagen’s algorithm was
given in Lemiale et al. [2010] to model a metal forming process called the equal channel angular pressing technique. This
work emphasized on the treatment of contact at interfaces between rigid and deformable bodies. All prior applications have
been limited to Coulomb friction. Most recently, Nairn et al. [2018] generalizes the MPM approach for contact to handle
any friction law with examples given for friction with adhesion or with a velocity-dependent coefficient of friction. The
Bardenhagen’s algorithm is presented in Section 5.1.

In the field of geotechnical engineering, a first contact algorithm for the quasi-static MPM was presented in Beuth [2012].
They adapted zero-thickness interface elements, commonly used in FEM, to model contact between soil and rigid surfaces.
This technique applies only to the case where the contact surface is known prior the start of the simulation. Bardenhagen’s
algorithm was modified in Al-Kafaji [2013] for adhesive contact using an explicit dynamics MPM code. Yet another modifi-
cation of Bardenhagen’s contact model suitable for geotechnical engineering (that involves contact between stiff structural
elements and soil) was presented in Ma et al. [2014].

2This work received the George Marra Award for paper of the year from the Society of Wood Science and Technology.
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Frictional self contact. Homel and Herbold [2017] was the first to propose an algorithm for frictional self contact. Its basic
idea is to automatically and dynamically detect contact nodes. This is achieved with a scalar field (actually its gradient) that
defines potential contact surfaces. The same idea (named DFG) was applied to fracture and resulted in a first model for
fracture and post-fracture frictional contacts i.e., contacts between crack faces.

1.1.7 Fracture

Fracture is defined as the separation of a solid into two or many pieces. This phenomenon has been extensively studied
since the pioneering works of Griffith [1920], Irwin [1957]. They developed the field of fracture mechanics which has found
tremendous applications in many engineering disciplines notably aerospace engineering.

Modeling the initiation and propagation of cracks in a solid is a challenging problem as one needs to track a set of
evolving internal surfaces across which the displacement field is discontinuous. Basically, there are three approaches to
modeling fracture: discontinuous, continuous and mixed continuous-discontinuous approaches [Rabczuk, 2013]. We also
refer to the interesting article of Boyce et al. [2016] that presents a number of different techniques used by different research
groups to simulate ductile fracture.

In the discontinuous approach, the cracks are explicitly represented (fracture mechanics theory). In the continuous ap-
proach, a crack is however not explicitly modeled (damage mechanics [Kachanov, 1958, Lemaitre and Chaboche, 1994]).
In the later approach, the presence of cracks is treated via damage variables used to degrade the stresses. Fig. 6 presents
fracture simulations using these two methods. The combined continuous-discontinuous approach to fracture combines the
two approaches, as its name implies.

a

(a) Continuous approach (b) Discontinuous approach

Figure 6: Continuous versus discontinuous approaches to fracture modeling. In (a), fracture of a cylinder under internal
pressure impulse is given. The red color denotes the damage variable close to 1 which corresponds to failed elements. In (b),
cracking of a fiber-reinforced composite material is shown [Nguyen, 2014a].

Discontinuous approach. In the MPM, explicit cracks have been modeled as strong discontinuities by allowing multiple
velocity fields at nodes whose supports are cut by the cracks. This is similar to duplicated nodes in FEM. The crack can be
modeled using either the LEFM (Linear Elastic Fracture Mechanics) [Nairn, 2003, Tan and Nairn, 2002, Nairn, 2007a, Guo
and Nairn, 2004, Gilabert et al., 2011, Wang et al., 2005] or cohesive zone models [Daphalapurkar et al., 2007, Nairn, 2007b]
or a combination of both [Nairn, 2009, Bardenhagen et al., 2011]. Explicit fracture simulation is computationally expensive
(as one needs to track evolving surfaces) and prohibitive for large scale simulations. Furthermore, the implementation is
intricate particularly for complex crack patterns. The latest development in this direction is the work of Moutsanidis et al.
[2019a] that introduces a single velocity field for cracks by modifying the grid basis functions.

Remark 2 Although a majority of these works involve simulations under small deformation. We don’t see any limitations
for the discontinuous approach to be used for large deformations. We do not think that the MPM is better than the FEM for
small (or moderately large) deformation fracture mechanics problems. This observation is backed up by the outcome of the
first Sandia fracture challenge [Boyce et al., 2014 ] where the MPM was used by one team [Yang et al., 2014].

Continuous approach. In the MPM, fracture has been modeled using various continuous methods. They all share one
common feature: no need to explicitly represent the crack surfaces as in the discontinuous approach. For penetration problems,
fracture is usually treated using a strain-based failure criterion and particle erosion. That is, a particle is set to be failed when
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it satisfies a certain strain-based fracture condition. When that happens, its deviatoric stress is set to zero, but it remains part of
the simulation, and its mass contributes to the overall inertia of the material. Thus mass conservation is enforced. Strain-based
failure combined with particle erosion was also used in Ionescu et al. [2006] to study failure of soft tissues penetrated by
a low-velocity projectile. They reported convergent results for fine grids, but no quantitative evidence was provided. An
elastic-plastic material with particle erosion was employed in Huang et al. [2011] to model penetration of thin steel plates
and perforation of thick aluminum plates. Sensitivity of the results with respect to grid size and number of particles were
studied, and some quantities showed convergence. A constitutive model belongs to t his category is given in Appendix B.3
for some simulations presented later in Section 6.

For low strain rate and quasi-static problems, standard constitutive models are often used. For example, a softening
Mohr-Coulomb plasticity model was used in Alonso and Zabala [2011] to model the failure of the Aznalcéllar dam. More
recently, a softening Drucker-Prager plasticity coupled to the Grady—Kipp damage model was presented in Raymond et al.
[2019] to model failure of aggregate materials. They reported mesh-convergent results even though no special treatment was
done to deal with softening. Homel and Herbold [2017] adopted a Rankine damage model with linear strain-softening.

Also for static and low strain rate dynamic problems, Schreyer et al. [2002], Sulsky and Schreyer [2004] used a smeared
crack model (they referred it as a decohesion model), see e.g., Rots et al. [1985], Rots [1991]. Chen et al. [2002] improved
this model by using a strain-based damage diffusion equation combined with a tensile damage model. Similar works include
Shen and Chen [2005], Shen [2009], Yang et al. [2012, 2014]. Implementation details of this decohesion model in the MPM
are given only recently in Sanchez [2011] and he demonstrated the results are mesh biased. That is, accurate solutions are
achieved only for cases in which the crack orientation coincides with the orientations of grid cell line.

In the original damage mechanics framework, damage is determined using local variables such as stress and strains. This
has proven to create mesh-dependent softening. To alleviate this issue, non-local models can be used. By non-local, we mean
that damage is determined using non-local variables such as averaged stress and strains in the vicinity. The idea is to introduce
a length scale in the equation. Burghardt et al. [2012] were the first ones to implement a non-local plastic model in the MPM.

Non-local damage can also be simulated using a phase field damage/fracture (PFF) theory see e.g., Bourdin et al. [2008],
Miehe et al. [2010], Wu [2017] and the most recent review of Wu et al. [2019]. PFF was implemented in an MPM code for
the first time by Kakouris and Triantafyllou [2017b,a]. Unfortunately only problems involving small deformation without
contact were demonstrated then. Recently, Cheon and Kim [2019] also presents a similar method. They use adaptive grid
refinement and particle splitting to capture the gradients of the phase field. In the computer graphics community, a similar
idea has been recently proposed in Wolper et al. [2019] with impressive fracture simulations typically seen in this community.

Continuous-discontinuous approach. The first continuous-discontinuous brittle fracture model in the MPM (precisely
CPDI) is presented in Homel and Herbold [2017]. In this model, fracture is first treated with a continuum damage model
and then a self-contact algorithm is applied to the cracked nodes to separate the materials on the two sides of the crack. The
damage model is enhanced with random material properties to mitigate mesh bias and the fracture energy is scaled with the
grid size. Post-failure contact between the faces of a crack is allowed using the DFG algorithm. Recently, Homel and Herbold
[2018] applied their model for mesoscale simulations of porous materials.

Remark 3 With the development of variational approaches to fracture (or phase-field fracture models), the modeling of the
initiation and propagation of complex crack networks in solids on a fixed mesh with conventional continuum finite elements
can be done. Therefore, the statement that meshfree methods are better suitable for fracture seems no longer convincing.
Nevertheless, it is very attractive to have a method that can handle large deformation, contact, fracture and post-failure
contacts between fragments. The MPM might be such a method even though more works must be done before this goal is
achieved.

1.1.8 Fluids and gases

Although the MPM was developed for applications in solid mechanics and its main application area is still solid mechanics, it
has also been applied to fluid mechanics problems. This probably arises from the need to simulate fluid-structure interactions
(FSI) using just the MPM - to avoid coupling the MPM solid solver with a fluid solver which is not an easy job. Herein, we
only discuss MPM algorithms for fluids. For works where the MPM used for solids is coupled to a fluid solver, we refer to
Section 1.2.2.

There are basically two ways to handle fluids (and gases) using the MPM. The first is the so-called weakly compressible
MPM. This way is almost identical to the solid MPM solver except that a constitutive model for fluids is used. This is done
by describing the relation between the fluid pressure and density using an artificial equation of state (EOS). This fluid MPM
solver was first presented in York et al. [1999], and it has been used for gas dynamics problems in York et al. [2000], Tran
et al. [2010], Ma et al. [2009a]. It has also been used for fluid flow problems [Li et al., 2014, Mast et al., 2012]. Using this
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fluid MPM solver, comparative studies of SPH and the MPM for fluid mechanics are presented in Zhao et al. [2017], Vargas
et al. [2018], Sun et al. [2018]. Overall, it has been shown that both MPM and SPH predictions are quite simular but the
MPM computational time is smaller. This weakly compressible fluid/gas MPM solver is presented in Section 5.4.

There are two main issues with the weakly compressible fluid MPM. First, if using an explicit time solver, very small
time step is needed owing to the need to use a very large bulk modulus. Second, pressure oscillation occurs. To solve these
problems, the second way is the truly incompressible MPM. Stomakhin et al. [2014b] in the computer graphics community
were the first to present this formulation. They used the Chorin’s operator splitting method [Chorin, 1968]. In the engineering
community, Zhang et al. [2017], Kularathna and Soga [2017] presented similar formulations.

1.1.9 The MPM versus other methods

Which meshfree method should I use? This is the constant question facing every person new to MMs every time they need to
solve a large deformation problem, if they are not forced to use any particular method. It is rather certain that no one is able
to answer this question and neither are we. Nevertheless, to them, herein we discuss the comparison between the FEM, SPH,
the discrete element method (DEM) , Galerkin MMs, and the MPM based on the literature.

SPH is probably the most popular meshfree method as it has been used in engineering and computer graphics and
incorporated into many commercial softwares such as AUTODYN, PAM-CRASH, LS-DYNA and ABAQUS. Even though
not a continuum-based numerical method, the ability to deal with large deformation and fracture makes the DEM a very
popular technique particularly in geo-technical engineering [Cundall and Strack, 1979, Scholtes and Donzé, 2012, Sinaie
et al., 2018a].

The first comparative study of SPH and the MPM for hypervelocity impact problems was reported by Ma et al. [2009b,a].
For the simulations considered, they showed that the MPM is faster and more accurate than SPH (precisely SPH in LS-
DYNA). This can be explained by the fact that, the critical time step size in the MPM depends on the cell size of the
background grid, rather than the particle space as in SPH, so that the time step used in the MPM is much larger than that of
SPH. Furthermore, there is no neighboring particles search which is very time consuming. Note, however, that this conclusion
is rather superficial as it was based on only a few numerical tests. It is certain that a working MPM simulation requires less
tricky ad hoc parameters than SPH. A typical MPM simulation requires only data such as mesh spacing and time steps in the
same manner with the FEM.

Interestingly, explicit MPM is faster than LS-DYNA explicit FEM for the well known Taylor impact problem, see Ma
et al. [2009a]. This superior efficiency was also reported in Leroch et al. [2018] for micro-milling simulations. The reason is
the same: the critical time step size in the MPM is very much larger than the one in the FEM as the FEM mesh deforms and
the element sizes become very small.

Within the context of implicit dynamics, laconeta et al. [2017] carried out a comparative study of the standard MPM and
the so-called Galerkin meshfree method (GMM) proposed in Espluga [2014]. GMM is very similar to the OTM of Li et al.
[2010], except that a forward Euler is used for time integration. The authors find that the GMM using the max-ent and MLS
lack robustness for very large deformation problems. This lack of robustness is due to the meshfree nature of these shape
functions i.e., one has to ensure that there are always sufficient nodes surrounding a given material point. A stabilized OTM
was presented in Weienfels and Wriggers [2018].

Remark 4 Recent works combine the MPM and SPH. For example, Raymond et al. [2018] coupled SPH to an MPM. They
used SPH in the bulk and MPM around the surfaces for an easy enforcement of boundary conditions. He et al. [2019]
developed the so-called SMPM where the particle velocities and stresses are smoothed using the SPH functions. The SMPM
is shown, for impact simulations, to perform better than the traditional MPM and SPH and more efficient than the latter. See
also He and Chen [2019] for an application of the SMPM to strain localization.

For granular flow, some studies on the performance of DEM and MPM have been reported in Coetzee et al. [2007],
Coetzee [2003], Ceccato et al. [2018], Gracia et al. [2019]. Basically, MPM can capture DEM accuracy if a proper constitutive
model is adopted. One might argue that MPM should be used for large scale simulations using constitutive models derived
from DEM simulations. In Dunatunga and Kamrin [2015], a constitutive framework for granular media was presented that is
able to simulate in one setting a wide range of granular behaviors spanning several phases: solid-like static behavior, plastic
flow (up to very large strains), as well as separation and reconsolidation of the material.

1.1.10 Coupling the MPM with other methods

Since no method is without shortcomings, it is natural to want to couple two (or even more than two) methods together to
take advantages of their best features. Herein, we review works that present the coupling of the MPM with other numerical
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methods be it the FEM or molecular dynamics. Section 1.2.2 discusses the coupling of the MPM with other methods for
fluid-structure interaction problems.

It is reasonable to employ the efficient and accurate FEM in regions where the deformation is moderate and a particle
method such as SPH or the MPM in domains featuring high deformation. Zhang et al. [2006] developed an explicit material
point finite element method (MPFEM) to take advantages of both FEM and the MPM. The basic ideas is that the solid is
discretized by a mesh of finite elements, and a computational grid is additionally predefined in the potential large deformation
zone. The nodes covered by the grid are treated as MPM particles, and the remaining nodes are treated as FE nodes. The
MPFEM was improved later by Lian et al. [2011a, 2012], Chen et al. [2015]. These algorithms are not presented here, and
we refer to the textbook of Zhang et al. [2016] for details. Results reported in these papers show that the coupled MPFEM is
indeed faster than the pure MPM. These work provided another respective for the CPDI, see Appendix C for details.

The MPM has been coupled with molecular dynamics to achieve a multiscale atomistic-to-continuum method [Ayton
et al., 2001, Lu et al., 2006, Chen et al., 2012, Liu et al., 2013]. It is the particle nature of MPM that makes the coupling
straightforward. As we lack experiences in this area, our discussion is merely for completeness. We refer the reader to the
textbook of Zhang et al. [2016] for details.

1.2 Applications

The MPM has been applied to a wide range of problems involving solids, fluids and gases undergoing very large deformation.
This section attempts to present an extensive overview of MPM applications. The idea is to give an outline of the types of
simulation that can be done with the MPM. By no means it is exhaustive. Therefore, we apologize to those authors whose
works were not mentioned here due to our negligence.

This section is organized as follows. Section 1.2.1 presents works done in the geo-technical engineering field. Fluid-
structure interactions are given in Section 1.2.2. Image-based simulations are discussed in Section 1.2.3. Section 1.2.4 covers
the works done by computer graphics researchers. Finally, Section 1.2.5 summarizes important works from other fields. As
contact and fracture problems were detailed earlier (see Sections 1.1.6 and 1.1.7), they are not covered specifically in this
section.

1.2.1 Large strain geo-technical engineering

The MPM has been adopted in large strain geo-technical engineering problems including landslide [Andersen and Andersen,
2010b, Llano-Serna et al., 2016, Soga et al., 2015, Yerro et al., 2018], silo discharging [Wieckowski et al., 1999, Wieckowski,
2004, Miihlhaus et al., 2001], anchor pull-out [Coetzee et al., 2005], excavator bucket filling [Coetzee et al., 2007], pile
driving [Lim et al., 2013, Nguyen et al., 2016, Galavi et al., 2017], problem of subsidence of landfill covers [Zhou et al.,
1999], shaped-charge jet penetration in wellbore completion [Burghardt et al., 2010, Homel et al., 2015] and installation
of geosynthetics materials [Hamad et al., 2015]. The MPM was also used to model large deformation of saturated porous
media, see for instance Zhang et al. [2009], Beuth et al. [2011], Jassim et al. [2013], Zheng et al. [2013], Abe et al. [2014],
Ma et al. [2014], Yerro et al. [2015], Pinyol et al. [2017]. More recently, the MPM has been successfully used in the field of
terramechanics [Agarwal et al., 2019] to simulate the interaction of rigid wheels with dry granular media. We refer to the
book of Fern et al. [2019] for a more complete coverage of MPM applications in geo-engineering.

All the above works adopted the conventional theory of continuum mechanics to the exception of Miihlhaus et al. [2001]
who used the Cosserat continuum framework in the MPM. The Cosserat theory is different as it also involves rotational
velocities and the balance of angular momentum results in a non-symmetrical Cauchy stress tensor.

Remark 5 People who are familiar with FLAC (Fast Lagrangian Analysis of Continua)® developed their own MPM formu-
lations. For example Konagai and Johansson [2001 ] made the Lagrangian Particle finite difference method (LPFDM) for
geomechanics. Differences with the standard MPM lie in the fact that stresses are smeared over the background grid i.e.,
internal forces are computed using the averaged stress tensor* stored at the element center.

1.2.2 Fluid-Structure Interaction

Fluid-structure interaction (FSI) is the interaction of a rigid or deformable structure with an internal or surrounding fluid flow.
Fluid-structure interactions are a crucial consideration in the design of many engineering systems, e.g. aircraft, spacecraft,

3FLAC is a two-dimensional explicit finite difference program for engineering mechanics computation, and a product of Itasca:
http://www.itascacg.com/software/flac.
4 Averaged means a volume weighted sum of particle stresses.
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engines and bridges. Two main approaches exist for the simulation of fluid—structure interaction problems: (1) the monolithic
approach where the equations governing the flow and the displacement of the structure are solved simultaneously — with a
single solver — and (2) the partitioned approach where the equations governing the flow and the displacement of the structure
are solved separately — with two distinct solvers. We refer to Bazilevs and Takizawa [2017] for a comprehensive account on
this very challenging topic. The following of this section reviews works on FSI using the MPM.

Monolithic FSI MPM. The first FSI using the MPM was presented in York et al. [1999, 2000]. The structures studied in
this work are two dimensional membranes. In this formulation, a membrane is represented by a set of material points and the
fluids/gases by a another set of particles, see Fig. 7a. Both types of particles interact with each other via the background grid.
The constitutive model for the membranes is such that they only sustains axial stress. The algorithm was applied to airbag
impact simulations and the results were found to be in good agreement with experiments.

This model was improved later by other researchers e.g., Gan et al. [2011], Lian et al. [2011c, 2014], Nguyen et al.
[2017]. Particularly, Lian et al. [2011c] treat the membrane (actually reinforcement bars) as 1D two-node bar elements. They
now connect the membrane particles together, see Fig. 7b. By doing this, the number of particles necessary to discretize the
membrane is significantly reduced [Nguyen et al., 2017]. In this model, the membrane is discretized by a set of two-node
bar finite elements. For these elements, their mass and their internal forces are calculated the FEM way. Then, instead of
solving the movement of these elements’ nodes the FEM way, the mass and internal forces are projected onto the background
grid. Then, the motion of the membrane particles and the fluid particles are updated the standard MPM way. We refer to
Appendix C for details.

Based on the work of Lian et al. [2011c], Hamad et al. [2015] developed a new 3D solid-membrane coupling method. It
is essentially a coupling of an MPM for the solid and a FEM (three-node triangular elements) for the membrane. The method
was applied to simulate the installation process and the behavior of geosynthetics systems for geotechnical applications. In
the computer graphics community, similar work has been done. For example Guo et al. [2018] presented an MPM for thin
shells with frictional contact where the shells are represented by Catmull-Clark subdivision surfaces of which control points
are treated as particles in an MPM method. In a related work, but for bird strike simulations, Wu et al. [2018] presented a
coupling of shell finite elements with the MPM (to model the large deformation of the poor birds).

(a) membrane particle ¢ (b) membrane particle g
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Figure 7: Monolithic FSI solver using the MPM. If the solid part is a structure, it can be discretized by just a set of particles
as in (a) or it is modeled as a set of finite elements (bar elements in 2D and membrane elements in 3D).

The algorithm of York et al. [1999, 2000] was applied to fluid-structure interaction problems in Hu et al. [2009], Mao
[2013], Yang et al. [2018], Su et al. [2019], Sun et al. [2019]. In Su et al. [2019], temperature effects were considered. Sun
et al. [2019] presented a set of benchmark tests for FSI problems and verified MPM results against experiments and other
numerical methods. All these works only consider no-slip condition on the fluid-structure interface, to the exception of Hu
et al. [2009, 2011] who considered slip boundary conditions. Hu and coworkers’ works introduced many techniques for a
robust MPM-based fluid-structure interaction simulator: (i) interface material points to track the fluid- structure interface,
(i) fluid particle regularization (or redistribution) to alleviate large particle distortion which is typical of fluid motion, (iii)
adaptive mesh refinement, using GIMP, to reduce computational cost that is inherent in traditional uniform grids.

Partitioned FSI MPM. There also exist hybrid approaches or partitioned approaches where a fluid flow solver is coupled
with an MPM solid solver for FSI problems e.g., Guilkey et al. [2007], Gilmanov and Acharya [2008b], Sun et al. [2010].
This was motivated by the fact that the MPM is not the best solver for fluids.

In Gilmanov and Acharya [2008b,a] the hybrid immersed boundary method (HIBM) for fluids is combined with the
MPM for solids and is presented as an effective strategy for solving 3D fluid-structure interaction problems. The idea is based
on the immersed boundary method of Peskin [2002] where the fluid is treated using a Cartesian grid (with finite difference
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solver) and the fluid-structure interface is immersed in this grid. In Gilmanov and Acharya [2008b], the structure is a 3D
soft membrane (for example a capsule moving in a blood) which is discretized by an unstructured mesh made of three-node
triangular finite elements. The deformation of the membrane was, however, not treated by using the FEM but the MPM. That
is, the membrane mass and internal forces (calculated the FEM way) are projected to an MPM grid. Therefore, there are the
grids in this method: one Cartesian grid for the fluid, one unstructured grid for the membrane, and one Cartesian background
grid to solve for the membrane deformation. As one can see, the work of Lian et al. [2011c], Hamad et al. [2015] reinvented
this algorithm (without knowing its existence).

1.2.3 Image-based simulations

The MPM (or any meshfree methods) is better suited for image-based simulations involving large deformations than the
FEM. This is because the MPM requires only a set of particles, not a body-fitted mesh. It is easier to transform an image into
a set of points (particles in the MPM) rather than a finite element mesh. The algorithm used for this is as simple as reading
the image voxel by voxel, converting each voxel into a material point. This idea has been exploited in a couple of works such
as Bardenhagen et al. [2005], Brydon et al. [2005], Lelong and Rochais [2019] for the simulation of foam microstructures,
Nairn [2006] for woods, Lee and Huang [2010] for low-density snow, and Xue et al. [2006b,a] for highly filled composites
and nanoparticle-polymer composite membranes.

Image-based simulations find natural applications in biomechanics, see for instance Guilkey et al. [2006], Liu et al.
[2015b]. A recent work in this direction is that of Liu and Sun [2019] in which a shift boundary method to apply boundary
conditions on surfaces not aligned with the grid nodes is introduced .

There are two points warrant further discussions on this. First, all meshless methods, not just the MPM, are suitable
for image-based numerical simulations. Second, when images of very high resolution are involved, the resulting numerical
model can be very large. Therefore converting each voxel to a particle might not be the most efficient way to do image-based
simulations. In spite of that, as of today and to the best of our knowledge, nobody has published more efficient algorithms.

Remark 6 It should be noted that there are many contact events in the simulations of foam densification reported in Barden-
hagen et al. [2005], Brydon et al. [2005] but they are just no-slip contacts. If needed, frictional contacts of these complex
foam materials can be treated using the self-contact method of Homel and Herbold [2017]. But this has yet to be done.

1.2.4 Computer graphics

Why discussing works done by the computer graphics community? Because innovative MPM algorithms have been developed
by this community. Their computer science knowledge helped them to write very efficient MPM codes that can run in real-
time [Hu et al., 2019]. We, engineers, can definitely benefit from their contributions. Being aware of the advances made by
the computer graphics community would prevent people from reinventing the wheel.

The MPM is now very popular in computer graphics. It is integrated into the production framework of Walt Disney
Animation Studios and has been used in featured animations including Frozen, Big Hero 6 and Zootopia [Jiang et al., 2016].
The power of the MPM has been demonstrated in a number of papers for simulating various materials including elastic
objects, sand, cloth, hair, snow, lava, and viscoelastic fluids [Daviet and Bertails-Descoubes, 2016, Fu et al., 2017, Jiang
etal., 2017, Hu et al., 2018, Wolper et al., 2019, Han et al., 2019]. It all started with the pioneering work of Stomakhin et al.
[2014a] who developed an semi-implicit MPM technique and constitutive model to animate the unique behavior of snow.
The snow is treated as a continuum avoiding the need to model every snow grain. Jiang et al. [2015b] subsequently extended
this MPM to incorporate phase changes due to heat flow. Yue et al. [2015] presented a method to simulate dense foams that
exhibit nonlinear, viscoplastic behaviors using the highly flexible Herschel-Bulkley constitutive model. To robustly treat large
shearing effects characteristic of dense foams, the authors developed a particle resampling technique, based on the Poisson
disk sampling, for the MPM to prevent the formation of nonphysical voids.

The computer graphics community focuses on the efficiency and visual effects of simulators, but not so much on the
physics. So, if engineers want to use advances made by this community, they need to make sure that the physics relevant for
the considered problems are well modeled.

1.2.5 Other applications

In the context of geophysical simulation, Moresi et al. [2003, 2007] reinterpreted the MPM as a type of FEM with the
particles as integration points. They coined the method FEM with Lagrange integration points (FEMLIP). They computed
quadrature weights such that affine functions can be exactly re-constructed, giving a second-order accurate reconstruction.
Their entire algorithm does, however, not achieve second-order accuracy, due to other low-order approximations as in the
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standard MPM. Later, they proposed a multiscale MPM in the sense of FE? methods (reviews of which are given in Geers
et al. [2010], Nguyen et al. [2012]) using computational homogenization to obtain on-the-fly micromechanically derived
constitutive behaviors.

The MPM was used in sea ice models for climate simulation [Sulsky et al., 2007], snow avalanche [Gaume et al., 2018]
as well as more traditional explosive-related simulations e.g., explosive welding [Wang et al., 2011], high explosive explosion
[Ma et al., 2009a], explosively driven metals [Lian et al., 2011b], cutting processes [Ambati et al., 2012], high melting
explosive with cavities [Pan et al., 2008], blast and fragmentation [Banerjee, 2004, Hu and Chen, 2006], and wear [Mishra
et al., 2019]. Different low and high velocity impact problems were studied in Li et al. [2011], Zhou et al. [2013], Ye et al.
[2018].

1.3 Mathematical analysis

Through the aforementioned literature review one can see that the MPM is a computationally effective method for solving
complex solid/fluid mechanics problems involving large deformations, contacts and fractures which are sometimes prob-
lematic for other numerical methods. For all that, it has been shown that even for simple one dimensional problems, the
convergence is not optimal (for instance, lower than the FEM). And when the mesh is very fine, the method does not con-
verge at all, cf. [Sulsky and Gong, 2016] and Section 6.2. Like most meshfree/particle methods, analysis of the method is
not an easy task. This difficulty stems from the fact that there are more than one type of error in the MPM: interpolation
error, temporal error, quadrature error, particle to grid mapping error etc. which are all inter-related. The lack of an analysis
framework for the MPM, as found in FE methods, makes it difficult to explain unexpected numerical artifacts often found
in its employment. Only few works were published on this difficult but important topic e.g., Wallstedt and Guilkey [2008],
Tran et al. [2010], Steffen et al. [2008c,b, 2010], Gritton and Berzins [2017], Berzins [2018]. A very useful technique is the
method of manufactured solutions (see Knupp and Salari [2003] and Appendix D) to verifty MPM implementations for large
deformation solid mechanics problems where analytical solutions do not exist.

1.4 MPM resources

Even though the implementation of the MPM is relatively simple compared with other meshfree methods (in fact it can be
considered as an updated Lagrangian FEM), there are still many pitfalls. Usually, these pitfalls (e.g., boundary conditions,
small nodal masses etc.) are not well documented in the peer reviewed literature. However, they are often detailed in doctoral
dissertations. Some good theses on the MPM are given in Section 1.4.1. Section 1.4.2 lists open source and commercial
MPM codes that we are aware of in a hope that they can serve as a starting point for junior researchers in their journey with
the MPM.

We think that beginners to the field should implement the MPM themselves using a high-level language such as Matlab,
Python, or Julia; as it is the only way to fully understand the method. To that end, the note of Nguyen [2014b] and the Julia
implementation’ in Sinaie et al. [2017] can be consulted. On the other hand, to solve large scale problems, one would need a
more efficient MPM code, usually implemented in a low-level language such as Fortran or C++. This need can probably be
covered by existing efficient open source or commercial MPM codes which are presented in Section 1.4.2.

1.4.1 Doctoral dissertations

There exist excellent doctoral dissertations on the MPM which provide details on many features of the method which are
not present in articles. For example, York [1997] detailed the first contact-release algorithm, the first weakly compressible
fluid MPM and the first FSI model. Steffen [2009] analyzed the errors of the MPM. For the MPM formulations specifically
developed for geo-technical engineering problems, the doctoral dissertations of Coetzee [2003], Andersen [2009], Beuth
[2012], Mast [2013], Al-Kafaji [2013], Hamad [2014] are worth being consulted. In computer graphics, Jiang [2015] is
the first PhD thesis on the topic. For geo-technical community, the website of the Anura3D MPM Research Community at
http://www.mpm-dredge . eu/home provides many useful information, including an updated publication lists on MPM for
geo-technical engineering.

Remark 7 People new to this method might find the textbook of Zhang et al. [2016] and the lecture note of Jiang et al.
[2016] useful.

3Julia is a high-level programming language designed for high-performance numerical analysis and computational science, similar to
Matlab but much faster.
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1.4.2 Open source and commercial MPM codes

For engineers and scientists who just want to use existing MPM packages for their research, open source MPM codes are as
useful as commercial FE packages such as Abaqus. To researchers whose work involves developing new MPM techniques,
these codes are also useful as it is not an easy task to develop an efficient, scalable and extensible MPM code from scratch.
For both of these audiences, we herein list available, to the best of our knowledge, MPM codes. The aim is to help the readers
to find the MPM implementation that suits their needs best.

Some open source MPM implementations are

e Uintah, http://www.uintah.utah.edu

e Mechsys, http://mechsys.nongnu.org/index.shtml

MPM-GIMP, http://sourceforge.net/p/mpmgimp/home/Home/

NairnMPM, http://osupdocs.forestry.oregonstate.edu/index.php/Main_Page
e CB-Geo, https://wuw.cb-geo.com/research/mpm/
e MPM3D, http://comdyn.hy.tsinghua.edu.cn/english/mpm3d

All are written in C++. CB-Geo is an MPM code for geomechanics problems. Uintah implements probably the most efficient
MPM to date: it uses blocked structured adaptive mesh refinement (BSAMR) grids running on hundreds to thousands of
processors. It is not easy for people new to this code to modify it though.

A commercial MPM package is MPMsim, found at http://www.mpmsim.com. The core is written in C++ and it has a
user friendly interface written in Matlab. It can convert CAD files to material points.

1.5 Layout

The previous discussion has painted an overall picture about the MPM. The remaining of the paper is to fill in the details.
Eleven ready-to-code algorithms are provided such that everyone can implement the MPM and carry out the simulations
given in Fig. 8.

The remaining of the paper is organized as follows. Section 2 describes the general basic MPM for solids. By general, we
mean that no specification of the shape functions is given. And by basic, we mean that collisions/contacts are not discussed.
Section 3 presents different MPM versions that basically adopt different shape functions (e.g., hat functions, B-splines, GIMP
and CPDI). Section 4 discusses some implementation details such as particle generation, initial and boundary conditions,
MPM with unstructured grids, visualization of MPM results and Karamelo. Some advanced topics such as contacts, high
order MPM, adaptivity, volumetric locking and fluid modeling are given in Section 5. Section 6 is devoted to an extensive set
of MPM simulations carried out by the authors using our in-house codes. We have three sets of examples: (i) implementation
tests containing simple one and two dimensional examples to verify MPM implementations; (ii) convergence tests that use
the method of manufactured solutions to determine the convergence rate and stability of MPMs, and (iii) practical engineering
problems.

The paper also contains some appendices. Appendix A briefly presents the method of manufactured solutions. Common
material models are given in Appendix B. The relation between CPDI and the projection of Lagrangian mesh quantities to a
Eulerian grid is discussed in Appendix C for a better understanding of CPDI. Appendix D discusses the moving least square
approximations used in the iMPM. Some useful utilities are given in Appendix E such as how to use a computer algebra
system to derive CPDI functions. Appendix F gives a short but practical presentation of updated and total Lagrangian FEM
for nonlinear solid mechanics. This is useful to see the difference and similarities of the MPM and the FEM. Axi-symmetric
MPM formulations are briefly introduced in Appendix G.

1.6 Notations

Three notations are adopted in this work namely indicial notation, tensor notation and matrix notation (also known as
engineering notation). The squared magnitude of a three-dimensional vector expressed in these three notations is given in the
following equation

2 T

re = XiXj = X X = X X (1.1)
N—— N——
indicial notation tensor notation matrix notation
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Figure 8: Representative simulations that can be done using MPM algorithms presented in this paper. We refer to Section 6
for details. These simulations involve very large deformation, contacts and fracture. And one simulation is a fluid-structure
interaction problem.

Any vectors and tensors in this paper is defined in a rectangular Cartesian coordinate system. Therefore a vector x can be
written as

X=|x2|, or x= (1.2)

N e =

In indicial notation, the components of tensors are explicitly specified e.g., a vector in indicial notation is hence given by
x; in which the index i ranges from one to the number of spatial dimensions. Indices which are repeated twice in a term are
summed, a rule known as the Einstein summation, an example of which is the squared magnitude of a vector:

r? = xix; = X7+ x5 +x3 (1.3)

Scalars are written using a normal font whereas tensors of order one or greater are expressed in boldface. Table 2 provides a
list of important notations used in this contribution. And Table 3 presents abbreviations.

2 A general MPM for solid mechanics

This section presents a general formulation of the MPM for solid mechanics. This formulation applies to all existing MPM
variants such as GIMP, CPDI and BSMPM. Here, even though only explicit dynamics MPM is presented in great details,
we also touch briefly on implicit dynamics and quasi-static MPM. Moreover, both updated and total Lagrangian MPM are
treated.

We start with a short review of continuum mechanics in Section 2.1. Next, governing equations using the updated
Lagrangian description written in a strong form are stated in Section 2.2. The weak form corresponding to the equation of
motion is given in Section 2.3. Also, the MPM spatial discretization procedure of this weak form is treated. The obtained
semi-discrete equations can also be derived from the updated Lagrangian FEM weak form discretization considering the finite
elements’ quadrature points as material points as shown in Section 2.4. Time discretization of the semi-discrete equations is
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Variable Type Meaning

Xp Vector Particle position (time-dependent)

X, Vector Particle initial position

Vp Vector Particle velocity

mp Scalar Particle mass

Vy Scalar Particle volume

Pp Scalar Particle density

T, Scalar Particle temperature

o, Tensor/Matrix Particle Cauchy stress

P, Tensor/Matrix Particle 1% Piola-Kirchoff stress

F, Tensor/Matrix  Particle deformation gradient

L, Tensor/Matrix Particle velocity gradient

D, or¢, Tensor/Matrix  Particle rate of deformation

\74 Vector Node velocity

yirar Vector Temporary updated node velocity

virar Vector Final updated node velocity

my Scalar Node mass

D (x,) or Dy, Scalar Weighting function of node / evaluated at particle p

V&;(x,) or V&, Vector Gradient of weighting function of node / evaluated at particle p
Vo®; (x,) or Vo®r, Vector Gradient (w.r.t X) of weighting function of node / evaluated at p

Table 2: Important notations used in this contribution. Subscript I denotes the value of grid nodes, and subscript p denotes
the value of particles.

Abbreviation Full name

MPM Material Point Method

ULMPM Updated Lagrangian Material Point Method
TLMPM Total Lagrangian Material Point Method
PIC Particle in Cell

FLIP Fluid Implicit Particle method

FEM Finite Element Method

ULFEM Updated Lagrangian Finite Element Method
TLFEM Total Lagrangian Finite Element Method
CPDI Convected Particle Domain Integrator
GIMP Generalized Interpolation Material Point
BSMPM B-splines Material Point Method

DDMPM Dual Domain Material Point Method

SPH Smoothed Particle Hydrodynamics

iMPM improved Material Point Method

Table 3: A list of abbreviations used in this paper.

presented in Section 2.5. In this section, various MPM algorithms such as Updated Stress Last (USL) and Modified Updated
Stress Last (MUSL) are also discussed. Finally, in Section 2.6, the algorithm of the total Lagrangian MPM is provided.

2.1 Basic concepts of continuum mechanics

Continuum mechanics is a theory that models solids and fluids at a macroscopic scale which ignores inhomogeneities such
as molecular, granular, or crystal structures. Therefore, within this theory, behavior of solids and fluids can be characterized
by smooth functions of spatial variables. The subject of continuum mechanics comprises the following basic topics: (1) the
study of motion and deformation without considering the causes (kinematics), (2) the study of internal forces (kinetics), (3)
the conservation equations or balance principles that state that there are certain important physical properties e.g., mass,

22



momentum and energies that must be conserved, and (4) constitutive models that furnish the relationship between kinematics
and kinetics variables. It is via a constitutive model that, in continuum mechanics, one differentiate a solid from a fluid, a
rubber from a rock, etc.

This section reviews the key concepts and equations of continuum mechanics. Good knowledge of continuum mechanics
is essential for the understanding of the MPM as it is a continuum-based numerical method. Derivations are not presented, but
relevant literature is given. For more details, we refer to standard textbooks such as Malvern [1969], Gurtin [1981], Marsden
and Hughes [1983], Ogden [1984], Holzapfel [2000].

2.1.1 Motion and deformation

In continuum mechanics, a body B is considered as being formed by an infinite set of material points, which are endowed
with certain mechanical properties. The position vector of a material point in the initial, undeformed configuration of the
body is denoted X relative to some coordinate basis. X is named the material or Lagrangian coordinate. The position of the
same material point, in the deformed configuration, is designated by x called spatial or Eulerian coordinate.

The motion (deformation) of a solid is described by a function ¢ (X, ¢). A relation between spatial coordinates and
material coordinates can be established as follows

x=¢(X.1) 2.1)

The displacement, velocity and acceleration fields of a body are the primary kinematical fields in describing the motion
of the body. The displacement of a material point X, denoted by u(X, ¢), is the difference between its current position ¢ (X, t)
and its initial position ¢ (X, 0). So,

uX,r) = ¢(X,1) —¢(X,0) =x-X 2.2)
The velocity of a material point X, denoted by v(X, ?), is defined as the rate of change of position of this material point,
that is (X
, 1
v(X,1) = % 2.3)

This is the Lagrangian velocity field. There exists a Eulerian form for this velocity field but as the MPM adopts a Lagrangian
description, it is not discussed here.
The acceleration of a material point X is the rate of change of its velocity, i.e., the material time derivative of the velocity,

v(X,1)  ?¢(X.1)
o 0r?

The deformation gradient tensor F is a key quantity in finite deformation continuum mechanics as all deformation
quantities are derived from it. It is a linear mapping operator which maps each infinitesimal linear element dX in the
reference configuration into an infinitesimal linear element dx in the current configuration. It is defined as:

aX,r) :=

(2.4)

a¢ ox 0x;
Fi=—=— or F;=— 25
X X Y aX; (22)
Next, the concept of material time derivative is introduced. To understand this important concept, consider the following
situation. Assume we have a certain field ¢ (scalar, vectorial or tensorial) defined over the body for which we want to know
the rate of change, at a given material point X. This is known as the material time derivative of ¢. There are two definition of
this concept, corresponding to material and spatial descriptions, respectively:

1. Lagrangian description. In the Lagrangian description, the independent variables are the material coordinates X and
time ¢. So all we have to do is taking the partial derivative of the given field ¢ with respect to time. For a material field
©(X, t), its material time derivative is

DeX.1) _ . 9p(X.1)
pr YT
where the first two equations indicate standard notation for the material time derivative. As the MPM adopts a
Lagrangian description, the material time derivative is very simple.

(2.6)

2. Eulerian description. The considered field is ¢(x, ). This case is much more complicated since not only time changes
but also the spatial position x of the considered particle . We must calculate the partial derivative with respect to time
of the material description of ¢(x, t), keeping X fixed.
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DQD(X’[) T ¢(¢(X’I+At)’t +At)_¢(¢(xvt)vt)
———— =¢:= lim (2.7
Dt At—0 At

Using the chain rule, we obtain the important formula of the material time derivative for a Eulerian scalar field:

Do(x,t)  dp(x,t)
= Vo(x,t)-v(x,t 2.8
o o Vel v(x D) 238)
The term dg/0t is called the spatial time derivative, and the term ¢, ;v; is the convective term, which is also called

the transport term.

2.1.2 Strain measures

There are many measures of strain and strain rate in nonlinear continuum mechanics. A strain measure must vanish for any
rigid body motion, and in particular for rigid body rotation. Herein, we review some strain measures commonly adopted in
nonlinear continuum mechanics. They are the right Cauchy-Green deformation tensor, the Green strain tensor, and the rate
of deformation tensor.

The right Cauchy-Green deformation tensor is written as

C:= FT -F; Cij = Fki ij (2-9)

where the superscript T denotes the transpose operator. The Green strain tensor is given by

1 1 1
Ei=_(C-D= F-F-D. Ej=_(FFy—5) (2.10)

This strain tensor measures the difference of the square of the length of dx and dX.
The spatial gradient of velocity or velocity gradient tensor L is defined as the spatial gradient of the velocity, that is
81),‘

v
L(X, t) = a—x, or LU = g (211)
J

The velocity gradient L allows the material time derivative of the deformation gradient F to be written as

d (dp(X,1) v dv 0Ox .
az( 0X ) L @12

T X ox X
where in the second equality, we have used the fact that material time derivative of Lagrangian fields commute with material
gradient. Noting that, this fact does not hold generally for Eulerian fields.
The velocity gradient tensor can be decomposed into symmetric and skew-symmetric parts by

L= %(L—i—LT)—i—%(L—LT) (2.13)

which is a standard decomposition of a second-order tensor. The rate of deformation tensor D is defined as the symmetric
part of L, and the spin tensor as the skew-symmetric part. Using these definitions, one can write

D:= %(L +LT), W:= %(L—LT) (2.14)

where D describes the rate of stretching and shearing.

2.1.3 Stress measures

Since there are different strain measures there also exist different stress measures which are work conjugated with them. The
most commonly used stress tensors are (1) Cauchy stress, (2) Kirchhoff stress, (3) first Piola-Kirchhoff stress (1% PK) and (4)
second Piola-Kirchhoff stress (2" PK). Relation between these stress tensors is given in Table 4. The Cauchy stress is the
true stress and work conjugate with the rate of deformation D with respect to the deformed volume, cf. Equation (2.19). The
Kirchhoff stress—also referred to as the weighted Cauchy stress—is work conjugate with the rate of deformation tensor with
respect to the initial volume. The 1% PK stress, which is not symmetric, is work conjugate to the rate of deformation gradient
The 2" Piola-Kirchhoff stress, a totally material symmetric stress tensor, is work conjugate to the Green strain rate tensor.
Note that, some authors e.g., Belytschko et al. [2000], prefer to work with the nominal stress, the transpose of which is the
IS PK stress.
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Cauchy stress o Kirchhoff stress T I**PKP 2MPK S

o - tJ ! JIPFT JIFSFT
T Jo - PFT FSFT

P JoF T tF T - FS

S JF 1gFT Fl¢FT F'p -

Table 4: Relation between different stress measures.

2.1.4 Objective stress rates

Constitutive equations are often written in a rate form i.e., a relation between a stress rate and a deformation rate. Under
large rotations simply using the material derivatives of the stress tensors e.g., the rate of Cauchy stress Do /Dt is wrong
since it does not transform properly as a tensor under a superposed rigid body motion. We discuss three objective stress rates:
the Jaumman rate, the Truesdell rate and the Green-Naghdi rate which are frequently used in practice. A constitutive model
can be formulated in terms of any one of these objective stress rates, and changing from one rate to another requires that the
constitutive model be reformulated.

They are collectively given in Equation (2.15).

Do

oVT = D: +div(v)o —L-0 —0o -LT Truesdel rate
vs _ Do T
oV = D—I—W-G—O'-W Jaumman rate (2.15)
D
oVl = D—(: -R2-0-0-27 Green-Naghdi rate

A discussion on which objective stress rate to be used was given in Benson [1992].

2.1.5 Conservation equations
An important set of equations in continuum mechanics are the conservation equations or balance equations. For thermome-

chanical systems, the conservation laws include

1. Conservation of mass
2. Conservation of linear momentum
3. Conservation of angular momentum, and

4. Conservation of energy

Conservation of mass. The law of conservation of mass is described by the equation of mass conservation, or often called
equation of continuity written as:

Dp .

D—t—l—pV-v or p+pvi; =0 (2.16)
If the density does not change, i.e., the material is incompressible, hence the material time derivative of the density van-
ishes, and the continuity equation becomes v; ; = 0 which is the well known incompressibility condition. For Lagrangian
description, a simpler algebraic equation for the mass conservation is given by

pJ = po 2.17)

Conservation of linear momentum. This law demands that the change of linear momentum in time is equal to the sum of
all external forces (volume and surface forces) acting on the body. It is described by the so-called the momentum equation:

Dv .
'OD_t =V-.o+pb or pv; =0, + pbi (2.18)

Conservation of angular momentum. This laws requires that the Cauchy stress be a symmetric tensor.
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Conservation of energy. This law states that the rate of change of the total energy in the body (consisting of the internal
energy and kinetic energy) is equal to the rate of work done by the external forces plus the rate of work provided by heat flux

q and energy sources.

be _p V.q+ (2.19)
— =D:0-V. s .
P o q+p

where e is the specific internal energy; ps indicates a heat source per unit volume.

2.1.6 Constitutive models

All the equations given previously are material independent: they are valid for both solids and fluids. To model material
behavior a constitutive equation or constitutive relation — a relation between kinetic quantities (e.g., stresses) as related to
kinematic quantities (e.g., strains) — is needed. It is through constitutive equations that one can differentiate fluids from solids,
concretes from rubbers etc. The first constitutive equation (constitutive law) was developed by Robert Hooke and is known as
Hooke’s law. It deals with the case of linear elastic materials. Since then, a plethora of constitutive models has been developed
to characterize a diverse range of natural and engineering materials [Gurtin, 1981, Marsden and Hughes, 1983, Ogden, 1984].
For the sake of completeness, we summarize in Appendix B some commonly used constitutive models for elastic and plastic
solids. It is worth noting that numerical simulations can only be as accurate as the utilized material models.

2.2 Strong form

For a continuum body under purely mechanical loading (neglect heat exchange), governing differential equations in an updated
Lagrangian description include balance laws, constitutive equation, kinematics equation and boundary/initial conditions,
which are collectively given as

D
zp +pV-v=0 (conservation of mass)
Dt
Dv . .
pE =V.0 + pb (conservation of linear momentum)
De .
'OE =D:o (conservation of energy)
D = sym(Vv) (strain measure) (2.20)
oV = S7 D(D, o) (constitutive equation)

v(x,t =0) =vp, a(x,t =0) =09 (initial conditions)
u=uonly (Dirichlet boundary conditions)
t=ton/l} (Neumann boundary conditions)

where p(X, ¢) is the density, v(X, ¢) denotes the velocity, o (X, ¢) is the Cauchy stress tensor, b is the specific body force and
V is the gradient operator with respect to the current configuration. The rate of deformation tensor is represented by D(X, ¢),
oV denotes some objective stress rates which are necessary for large rotations.

The conservation of energy equation is used to update the internal energy for the equation of state and to check the energy
conservation. As a Lagrangian description is used in MPM, conservation of mass, first equation in Equation (2.20) is not
solved. The formulation of the basic MPM is isothermal and thus, the energy equation is not solved either. We postpone
the treatment of temperature effects to Section 5.3. Known quantities include prescribed displacements u (or equivalently
prescribed velocities) on the Dirichlet boundary I',, prescribed tractions t on the traction boundary I, initial velocities vo
and initial stresses o ¢. Recall that in the updated Lagrangian formulation, the material time derivative is simply a partial
derivative with respect to time %’f’” =¢ = a"é#. This is much simpler than the Eulerian formulation of the material
time derivative.

As mentioned above, the independent variables in Lagrangian formulation are the material coordinate X and time . The
dependent variables include (i) mass density p(X, ) (one unknown), (ii) velocity field® v (3 unknowns in 3D), (iii) stress
field o (6 unknowns as Cauchy stress tensor is symmetric) and (iv) the deformation rate tensor D (6 unknowns). Therefore, in
total, we have 16 unknowns in three dimensions. The governing equations include (i) conservation of mass (1 equation), (ii)
conservation of momenta (3 equations), (iii) conservation of energy (1 equation), (iv) constitutive equations (6 equations that
relate the six stress components to the six components of the deformation rate tensor) and (v) strain-displacement equations

®Having the velocity one can obtain the displacement and acceleration fields.
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(6 equations). In total, we have 17 equations. However, since we are interested in non-adiabatic, non-isothermal processes,
the conservation of energy is not a PDE, so finally we have 16 equations for 16 unknowns. Note that the conservation of
energy is needed in the so-called equation of state that relates pressure, volume and specific energy.

2.3 Weak form and spatial discretization

The MPM, which can be considered as an updated Lagrangian FEM, also employs a weak formulation. The weak form of
the momentum equation, the second equation in Equation (2.20), is given by see e.g., Belytschko et al. [2000]

a6 -
/ péu;a;ds2 —I—/ 8 i O’ljd.Q [ pdu;b;d2 + / pdu;t7dll 2.21)
2 Iy

where £2 denotes the current configuration, o7; 7 is the spemﬁc Cauchy stresses i.e., 07 i = Oij /p; subscripts i, j = 1,2, 3 used
to denote components of vectors and tensors; éu is the virtual displacement field or the test functions; a the acceleration field.
The specific traction vector is denoted by 7. Derivation of this weak form is standard and therefore skipped here. Note that
the above was written in indicial notation which will facilitate the derivation of the discrete equations. From this weak form,
one can proceed as Sulsky et al. [1994] in what follows to obtain the semi-discrete equations for the ULMPM or one can
derive these equations from the ones of the ULFEM by considering the particles as quadrature points, see Section 2.4.

The whole material domain §2 is discretized by a set of material sub-domains §2,, and it is assumed that the whole mass
of a material sub-domain is concentrated at the corresponding material point, which means that the mass density field is
expressed as

np

p(x.1) =D mpd(x —Xp) (2.22)
r=1

where § is the Dirac delta function with dimension of the inverse of volume. Note that m, denotes the mass of particle p.
Substitution of Equation (2.22) into Equation (2.21) results in

j(xp) Zmpsu (Xp)bi (xp) + Zmpsu (xp)EF (xp)h ! (2.23)
p=1

ZmPSM (xp)ai (xp) + Z Mmp—— 8

p=1

where use was made of the identity [ f(x)8(x —X,) = f(Xp). As particles constitute a volume, one needs to introduce a
boundary layer thickness /4 in the calculation of the external force due to the traction [Zhang et al., 2016] .

Next, the space is discretized by a finite element mesh (or a grid) so that any spatially varying field can be approximated.
The mesh consists of n, nodes with shape functions ¢; associated with each node 7; x;7 (¢) is the i component of the position
vector of node /. In 3D, one writes X; = (x17,X27,Xx37) = (X1, yr,21). Subscript I denotes the value of grid nodes, and
subscript p denotes the value of particles. Thanks to the use of a FE mesh, evaluation of shape functions and derivatives are
standard (thus efficient) and does not involve neighbor search as in other meshfree methods such as SPH or EFG.

The FE approximation of the motion is given by

nn

xi(X,1) =) r(X)xir (¢) (2.24)

I=1
As can be seen, the shape functions are expressed in terms of the Lagrangian coordinates X not the Eulerian coordinates X,
similar to Lagrangian finite elements [Belytschko et al., 2000].
Using Equation (2.24) for the initial configuration one writes

nn

Xi = ¢r(X)Xir (2.25)

I=1
with X7 is the i component of X;—the coordinates of node / in the initial configuration.
The displacement is thus approximated as

ny nn
—Xi =Y ¢rX)(xir — Xip) = > prXuiz(t) (2.26)
I=1 I=1
where u;; designates the i component of the displacement vector of node 1.
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The velocity and acceleration fields are thus given by

vi(X, 1) = Y ¢r(Xvir (1) 2.27)
I=1
and .
ai(X,1) = Y ¢r(X)air (t) (2.28)
I=1

where v;7, a;1 are the i component of the velocity and acceleration vectors of node 7, respectively. Note that Equation (2.27)
is not needed in the derivation of the semi-discrete equations given in this section, it will be used later, for example to compute
the velocity gradient and update the particle position.

Using the Bubnov-Galerkin method, the virtual displacement field is approximated as

nn
bui (X) = ) ¢1 (X)8uiz (2.29)
I=1
i.e., the virtual displacement field is approximated using the same shape functions. The spatial derivatives of §u; is thus given
by
Rn
aou; apr

= —6u; 2.30
i I;ax,- uis (2.30)

Substituting the FE approximations of §u;, a; and %’j}' evaluated at the particles using Equations (2.28) to (2.30) into
Equation (2.23) leads to

8u,~1i| 0}i(Xp) =
(Xp)

Y mp [Z b1 (Xp)8“i1:| [Z ds(Xp)aiy | + Z mp [Z 91

p=1 I=1 J=1 i 0,
> mp Z 1 (xp)Suﬂ} bi(xp) + Y mp [Z ¢1 (xp)auu} Bk~ (2.31)
p=1

[ 7=1 p=1 I=1
Since §u;; are arbitrary’, we obtain the following set of equations (3 equations for eachnode 7,1 = 1,...,n,)
npn np 8¢]
Zmp¢l(xp)( Z ¢J(Xp)azj) + Zmpa_ 0} (xp) =
p=1 p=1 X7 1)

D mpdr (xp)bi(xp) + D mpdr ()7 (xp)h 7" (2.32)

p=1 r=1

which can be written in the following compact form

mpjay =4+ T =1,2,....n, (2.33)

where myy, £, f‘;“ are IJ component of the consistent mass matrix, the external force vector and the internal force vector,
respectively. This equation is exactly identical to the FEM. Equation (2.33) is usually referred to as the semi-discrete equation
as just space was discretized.

The IJ component of the consistent mass matrix is given by

mpy =Y mppr(xp)$s(xp) (2.34)

p=1
Note that the mass matrix is not constant as in the FEM but changes in time because the material points move while the grid
nodes are reset after a time step.

"Boundary conditions will be imposed on the discrete equations later.
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The external force vector is written as

np np
70 =" mpdr (xp)b(Xp) + Y mpy (%)t (x)0 7! (2.35)
p=1 p=1
and the internal force vector as
np np
it = — Z mp/ppo pVr(xp) = — Z Voo pVér(xp) (2.36)
p=1 p=1

where V¢p; = (M, M, é%ﬂ)T denotes the gradient of the shape function; V), is the volume of particle p; o is the 3 x 3
0x; > Bxz’ Bxs : L P : -

Cauchy stress matrix of particle p. Recall that the particle density is defined as the ratio of the particle mass to particle volume.

Note that the definition of the nodal internal force is slightly different from the one in the nonlinear FE literature—there is no

minus sign in FEM formulation. We decided to be consistent with the MPM notation so that confusions would not occur for

beginners.

Remark 8 Since the Neumann boundary I'y where the traction is prescribed is not accurately defined in MPM, it is difficult
to compute the external force due to non-zero traction. And this difficulty applies to the enforcement of non-zero heat flux in
thermal and thermo-mechanical analysis. We refer to Section 4.2.2 for a discussion on this topic.

We have presented the derivation of Equation (2.33), the semi-discrete equation following the MPM way as Sulsky et al.
[1994] did. In the next section, another derivation is provided to see the link to the updated Lagrangian finite element method.

2.4 MPM as FEM with particles as integration points

In what follows, we show that the MPM semi-discrete equation can be obtained directly from the updated Lagrangian FEM
equations by considering the particles as the integration points. This derivation usually seems to be the most straightforward
for readers with experiences in the FEM. More importantly, it shows one major drawback of the standard MPM: the quadrature
approximation nature of the method. Note that this way of deriving the MPM equations is not suitable to obtain the GIMP
and CPDI formulations.

The UL finite element mass matrix, internal force and external force vectors are given by [Belytschko et al., 2000]

myy :/ ppresds2
2
it = — / Vprod2 (2.37)
2
7' = / pprbds2
2

where we have skipped the traction terms in the external force for simplicity.

Integrals in Equation (2.37) are computed using numerical integration or numerial quadrature rules. The integrand is
evaluated at a finite set of points called integration points and a weighted sum of these values is used to approximate the
integral. For a function f, one writes

[ a2 =% rixeus (238)
12 g

in which wg denotes the weight of integration point g and X is the position of this point. It can be shown that if the material
points are taken as the integration points with the weights being its volumes then the FEM equations reduce to the MPM
ones. For examples,

fint = —/9 Vorod2 == Vér(xp)o,Vp (2.39)
p

which is exactly Equation (2.36).
As only the particle positions and volumes are updated, the deformed domain cannot be tiled without gaps as in the FEM,
cf. Fig. 9. Thus, the integration measure is not exactly preserved in the MPM. In other words, the sum of the particle volumes
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is not exactly equal to the volume of the deformed domain. Therefore, the error due to numerical quadrature in the MPM
(more precisely the standard MPM formulation) is significant. And this is just the first source of quadrature error in MPM.
Understanding this issue is crucial to reduce this error in developing methods. This is discussed in subsequent sections of
this paper.

t>0

FEM

MPM

Figure 9: Numerical quadratures in the FEM and MPM: quadrature measure error in MPM.

The second source of quadrature error emerges from the fact that particles are independently located with respect to the
background grid. Therefore, the particle based quadrature does not respect the continuity of the grid functions or the support
of these functions. This is similar to other Galerkin meshfree method, see e.g., Dolbow and Belytschko [1999]. In the context
of the MPM, Steffen et al. [2008b] presented a detailed analysis of this quadrature error.

Solutions to the quadrature error of the MPM include the utilization of smooth grid basis functions such as GIMP, B-spline,
CPDI, or the adoption of finite element quadrature rules (commonly used in the geotechnical engineering community with
unstructured background grids) and the FEMLIP of Moresi et al. [2003, 2007] where the quadrature weights are calculated
on the fly such that affine functions can be exactly re-constructed. Among these techniques, CPDI is the most accurate in
terms of quadrature.

2.5 Temporal discretization and resulting MPM algorithms

Up to this point, we have obtained the semi-discrete Equation 2.33. The full discrete equation is obtained by performing a
time integration of this equation as described therein. This section also presents the corresponding MPM algorithms.

2.5.1 Lumped mass matrix

It is obvious from Equation (2.33) that, to obtain the acceleration one needs to solve a system of linear equations at every
time step. The size of this system is 3n, X 3n, in 3D where n, — the number of nodes of the grid — can be a very large
number. To avoid this, a lumped mass matrix is adopted. This lumped mass matrix is a diagonal matrix of which the diagonal
terms are given by

mp=Y mrp=Y Y mppr(xp)ds(xp) = Y mpdr(xp) (2.40)
J=1 J=1p=1 p=1

where Equation (2.34) was used in the second equality and the partition of unity (PU) property of FE shape functions,
Y 7 ¢s(x) =1, Vx, was used in the third equality.

Remark 9 A lumped mass matrix is more than just a computational simplification; it also gives better results for impulsive
loadings [Benson, 1992]. Note also that the use of a lumped mass matrix results in energy dissipation, see e.g., Zienkiewicz
and Taylor [2006] (section 16.2.4).

Remark 10 Since the momentum equation is resolved at the grid nodes and not the material points, the conservation of
mass must be satisfied at the nodes. By using Equation (2.40) one can write
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Domp= "> mppr(xp) | =D mp (qu,(xp)) =>"my (2.41)
1 p=1 1 p

1 p=1

which proved that mass is conserved at grid nodes as well.

With this lumped mass matrix, one gets the following system of ordinary differential equations (ODE) in time:

myar (t)= fr (1) := (1) + £ (1) (2.42a)
dvy(t)
ay = 7 (2.42b)

for all the nodes 1.

For time discretization, the temporal domain 0 < 7 < fr is divided into ny time steps with time increment Az =
tr/nt. Therefore, Equation (2.42) has to be satisfied for every time instances 7p = kAt withk = 0,1,...,n7. The most
straightforward method to advance the solution in time i.e., solving the semi-discrete equations, is an explicit formulation
in which the solution is advanced in time from ¢ (i.e., fy) to ¢ + At (or t;41) without solving a system of linear algebra
equations. The forward Euler method is such an scheme and will be discussed in Section 2.5.3. Note that explicit schemes
demand the use of quite small time steps At for stability.

A word about notation is in order. We use the superscript ¢ to denote quantities at time instant ¢ which are known and
superscript ¢ + At for unknown quantities at the next time instant.

In contrary to the FEM where the velocity field is stored at the nodes, the grid velocities are, in the MPM, nullified after
every step when the grid is reset. Therefore, at the beginning of a time step ¢, one needs to project the particle velocities
to the grid nodes to serve as the starting point for the time advancement. This crucial step is discussed in Section 2.5.2.
Section 2.5.3 presents the first complete MPM algorithm named USL (update stress last) which is probably the most popular
MPM algorithm. A slight modification of the USL and dubbed MUSL (modified USL) is given in Section 2.5.4 to enhance
the stability of MPM simulations.

2.5.2 Calculation of nodal velocities (momenta)

At the beginning of every time step, the particle velocities need to be mapped to the nodes. This step is not present in the
FEM and is necessary since the grid is reset at the end of a time step and the nodal velocities for that step are lost. More
precisely, the nodal momenta are mapped from the particles using the shape functions [Burgess et al., 1992]

(mv)f =Y ¢r(xh)(mv), (2.43)
p

or the particle momenta are projected to the grid nodes.

In what follows, we prove that a weighted least square approximation is needed for the momenta projection (Equa-
tion (2.43)) as there are more particles than nodes. For the sake of presentation, let us consider a one dimensional grid made
of one cell with two nodes of which velocities are denoted by v;. Moreover, within this cell, there are two particles at x1 and
X2.

The idea is to minimize the following function

1

J = 3 [m1(V1 — (@1(x1)v1 + $2(x1)v2))* + ma (Va2 — ($1(x2)v1 + ¢2(x2)v2))?] (2.44)

which is a weighted least squares where the weights are the particle mass. In the above equation, V; are the particle velocities
(not volumes) and m; are the particle masses. Differentiating J with respect to vy and v, and making them zeros one obtains

[m1Vig11 + m2Vadrz] = (P11v1 + d21v2)m1d11 + (P12v1 + P220v2)m2¢12

2.45
[m1Viga1 + maVadao] = (P11v1 + P21v2)m1¢21 + (P12V1 + P22m2)maez2 (2:49)

where use was made of the short notation ¢;; = ¢;(x;), the above equation can be rewritten as follows

[¢11¢11m1 + ¢12¢12m2  pr1$a1my + ¢22¢12m2} [v1:| _ [m1 Vig1(x1) + m2V2¢1(X2)] (2.46)
dr1¢P21m1 + Pr2¢20ma  Pa1921m1 + Pa2proma || V2 m1Viga(x1) + maVada(x2) '
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which is a system of linear algebra equations to solve for v; and v,. It can be observed that the coefficient matrix of this
linear system is exactly the consistent mass matrix. To avoid the solution of such a system, a row sum lumping technique is
used which results in the following

[¢1(x1)m1 + ¢1(x2)mz 0 ] |:vli| _ |:m1 Vig1(x1) + sz2¢1(xz)] (2.47)
0 ¢2(x1)my + ¢pa(x2)mz | [v2 m1Viga(x1) + maVada(xz) '

which can be generalized to obtain Equation (2.43) which concludes the proof.

Remark 11 We are checking whether linear momentum is conserved with Equation (2.43). By using Equation (2.43) one
can write

D = D o mv)per(xp) | = D (mv), (Z 1 (xp)) = (mv), (2.48)
1 p=1 1 p

1 p=1

which proved that linear momentum is conserved at grid nodes as well (as long as ¢ makes a partition of unity).

Remark 12 Even though this projection of particle velocity has been used nearly in all MPM simulations, we will see later
in Section 5.5.1 that it is not able to provide an exact projection of a linear velocity field for arbitrary particle positions.

2.5.3 Standard formulation (USL)

Equation (2.42a) is used to obtain the nodal accelerations a’l = f’l / m’I, and then the nodal velocity field is updated using the
explicit Euler forward method as follows

ViTA = v 4 Aral (2.49)

where V’I denotes the nodal velocity at time ¢, which is known; At is the time increment. Theoretically, the nodes are moved
to the new positions given by

XA = xb + ArviTA! (2.50)

Note that this nodal position update is rarely realized as the grid would be reset in the beginning of the next time step
anyway as done in most MPM implementations. However, it should be emphasized that grid resetting is not a requirement.
Grid nodes can be updated using Equation (2.50) until the grid is distorted or the grid can be replaced with any other suitable
grid.

Once the grid has been updated, the grid velocities are used to update the particle state including position, velocity,
volume, deformation gradient, stresses etc. We discuss the update of the particle positions and velocities first as there are
different options which might confuse new comers to the field. In the PIC way, the particle velocity is obtained using the
total grid velocity. On the other hand, according to the FLIP way, the particle velocity is obtained using the grid velocity
increment. These are summarized in the following equations

PIC: viF4 =3 " gy (x4 (2.51)
1
FLIP: v6™ 40 = vE 4 " gy (xp) w4 = v | (2.52)
1

Following Stomakhin et al. [2013], Leroch et al. [2018], a mix of PIC and FLIP is used here for the particle velocity

e 5 ST A) e  RRTI) S A @5
7 1

X;—FAt — x,, + At Z¢I(X2)V;+At (2.54)
1

where o = 1 corresponds to the FLIP of Brackbill and Ruppel [1986] that overcomes the numerical dissipation of the PIC
(a = 0) . Note that Leroch et al. [2018] updated the particle position as X;+At =X, + AIVI’DJFA’ which we found to give
similar results to the standard way. We refer to Section 6.1.1 for illustrations on the influence of «.
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Finally, particle stresses are updated. This is known as the update stress last (USL) formulation in the MPM literature.
There exists other formulations as discussed in Remark 17. Depending on the constitutive models being used, one might
need to compute the gradient deformation F, the velocity gradient L and the rate of deformation D etc. For example, one may
need to compute the particle velocity gradients, defined in Equation (2.11), then compute the gradient deformation using the
relation F = LF, and finally using the continuity equation pJ = pg to determine the updated volume. This is typically for
hyperelastic solids. They are given by

LA = VAL = % " Vg (xh v T4 (2.55a)
1
Fl-i—At i
— = LITATE . = FOPAY = (L4 LSPA AnFY (2.55b)
VItAL = V9, J = detFitA! (2.55¢)
Py = po/J (2.55d)

where L, is a 3 x 3 matrix of which components are L;; = v; ; (in three dimensions). In the above equation, I is the identity
matrix, and Fj is a 3 x 3 matrix with the initial matrix being I i.e., Fg = I. We have added the equation to update the particle
density, which is for example needed to calculate the equations of state.

For a hypoelastic constitutive model, one needs to compute the strain increment Ae, = (symL;JrA’ ) At and using it to
compute the stress increment Ao ,,. The updated particle stresses are given by

o4 = 0! + Ao, (2.56)

For complex constitutive models, it might be required to calculate other quantities to update the particle stresses. We refer to
Appendix B for some common material models for elastic, hyperelastic and elasto-plastic solids and Section 5.4 for fluids and
gaseous. As the material points are Lagrangian, existing stress update algorithms developed mainly by the FEM community
can be readily reused in the MPM. We refer to the textbooks of Simo and Hughes [1998], de Souza Neto et al. [2011] for
detail. And this brings us to the first complete explicit ULMPM algorithm given in Algorithm 1. As can be seen, it is a very
simple algorithm, which can be coded straightforwardly. And yet, it has been used to solve many challenging solid mechanics
problems.

Remark 13 The velocity gradient L is actually computed as

ZI ¢I,xvx1 Z[ ¢I,yvx1 Z[ ¢I,zvx1 UxJ
L= drxvy1 Yrbryvyr Yrdrzver | =Y | vyr |[[bre ¢ry ¢1.2] (2.57)
Z[ ¢I,xvzl Z[ ¢I,yvx1 21 ¢I,zvzl 1 Uz]

for 3D problems. Simplifications for 1D and plane strain/stress 2D problems are straightforward. For axi-symmetric problems,
see Appendix G.
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Algorithm 1 Solution procedure of explicit MPM (USL, cut-off).

1: Initialization

2 Set up the Cartesian grid, set time t = 0

3 Set up particle data: Xg, Vg, 02, Fg, Vpo, mpy, pg

4: end

5: whiler <ty do _

6:  Reset grid quantities: m, = 0, (mv)" = 0,£5"" = 0, =0
7 Mapping from particles to nodes (P2G)

8 Compute nodal mass mj = 3 ¢y (x,)m,

9

Compute nodal momentum (mv); = > ¢r(x},)(mv);

P
10: Compute external force £ = )" » &1 (xp)mpb(xp,)
11: Compute internal force £ = - > tht 0! Ver(x,)
Xt, nt,
12: Compute nodal force f; = £;" + f;
13: end
14.  Update the momenta (mv); 4" = (mv)! + f, At

15: Fix Dirichlet nodes / e.g., (mv); = 0 and (mv),™ =0

16: Update particles (G2P)

17: Get nodal velocities v;, = (mv),/m? and vit4" = (mv)it4! /m!

18: Update particle velocities V54 = (v, + 3, ¢y (xh) VT4 —vi]) + (1 —a) Y, é1 (X;)V§+At
19: Update particle positions x5t4" = x! + Ar )", ¢; (x;)vfrm

20: Compute gradient velocity LLTA" = 3 Ve (xt)viH4f

21: Updated gradient deformation tensor FiF 4" = (I + LLT41 Ar)FY,

22: Update volume VT4 = det T4/ V9

23: Compute the rate of deformation matrix D{t4" = 0.5(LLT4" + (L4HAN)T)
24: Compute the strain increment Ae, = ArD,+4!

25: Update stresses: af;LAt =0l + Ag,(Aep), or or;fm = a;JFA’(Ff;LAt)
26: end

27: Advance time r =t + At

28: Error calculation: if needed (e.g., for convergence tests)

29: end while

Remark 14 There are some remarks on Algorithm 1. First, we have omitted the contribution to the external force due to
non-zero traction. This is because it is more difficult to deal with than with the FEM as discussed in Section 4.2.2. Second,
we have assumed that a constant time step At = const was used. In practice, varying time steps are often adopted, see
Section 2.7 for details. Finally, we presented the so-called momentum formulation. Note that this momentum formulation is
very common but it does not improve the stability of the MPM.

node

2,7 Na(2)
\ LD

'\1 p T?TLQ%O
Jo#0

particle

Figure 10: Troubled nodes with nearly zero mass resulting in infinite acceleration (node 2).

Small mass issue. There is a numerical issue in this formulation: the division operator in a§ = f’I / ms would yield infinite
acceleration if the mass m? is small. In turn, the velocity gradient in Equation (2.55a) would be infinite as well and this
would spoil the particle stresses [Sulsky et al., 1995]. This happens when a particle is very close to a node which has only one
particle within its support, cf. Fig. 10. This usually happens with nodes located close to the material interface. For multiple
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bodies simulations, those interface nodes are often in contact and therefore contact algorithms have to carefully address the
small nodal mass issue.

In order to identify the trouble more clearly, we turn to the example given in Fig. 10. We assume that there is only one
element and one single particle, with mass denoted by m,, located very close to node 1. Furthermore, we assume the old
nodal velocities are zero i.e., vi = v, = 0.

The nodal masses are given by

mp = mle
(2.58)
my = mpN> (small value)

And the nodal accelerations are thus

ay = fi/m

(2.59)
ay = fa/my (very large value)

where f1 and f5 are the nodal forces. The updated nodal velocities are given by using Equation (2.49)

vi—i_At = Atfl/ml

(2.60)
v;+At = Atfa/my (very large value)

The updated particle position and velocity are given by according to Equations (2.53) and (2.54) witha = 1

vEFA = vl + At(Nyfi/my + Na fo/ma) = vl + At(fi/mp + fo/mp)

t+Ar _ ot _ .t 2 (2.61)
Xy =X, + At(NlAtfl/ml + N2Atf2/m2) =X, + At (fl/mp + fz/mp)

where Equation (2.58) was used for the nodal masses m1 and m. Note that the updated particle position and velocity are
normal as they are smoothed out by the shape functions.
Next, one computes the velocity gradient needed for stress updating

1 1
L;+A‘ = —Ev’1+At + Ev;“LAt (very large value) (2.62)
t+At

In conclusion, the problem lies in the use of v, in computing the velocity gradient but not in updating the particle velocity
and position. A technique to solve this issue, proposed by [Sulsky et al., 1995], will be presented in Section 2.5.4.

Cutoff technique. In this technique, a small positive threshold is introduced to cure the small mass issue. Accordingly, the
nodal velocities are computed as

(mv)tI+At

— 22 ifm >tol

V;-I-At _ m’ wmy >1to (2.63)
0 otherwise

This algorithm requires an extra parameter (a cutoff value). Yet how to chose it is not clear. Even if a good cutoff value can
be chosen, it produces an undesirable constraint which should not be in the system. More advanced techniques are presented
in what follows.

Remark 15 Wallstedt and Guilkey [2008] have studied a number of families of time integration schemes for use with
GIMP including Runge Kutta, Runge-Kutta-Nystrom, Adams-Bashforth-Moulton (ABM), and Predictor-Corrector Newmark
methods. They reported that few of these methods have been able to achieve their formal orders of accuracy. Not only is
the MPM used for highly discontinuous and nonlinear problems but the spatial error of the method tend to overwhelm any
improvement that a temporally high order method might offer. They also showed that the central difference scheme, commonly
used in nonlinear finite element codes [Belytschko et al., 2000], is exactly the same as USL but for one crucial difference:
initialization of particle velocity to a negative half time step.
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Remark 16 As can be seen from Algorithm 1, the MPM algorithm is very similar to the ULFEM, cf. Algorithm 14 in
Appendix F.1. There are just a few differences. First, the nodal mass and velocity have to be re-calculated at the beginning of
every time step. This is natural as the grid does not store permanent information. Second, one needs to update the particle’s
position and velocity. In the ULFEM, the integration points’ position are fixed and one does not need to calculate their
velocity. Based on this observation, per time step, the MPM is about 2 to 3 times slower than the ULFEM. Yet, for very large
deformation problems, Ma et al. [2009b] showed that their in-house MPM code is much faster than the commercial LS-DYNA
FEM.

2.5.4 Modified update stress last (MUSL)

In the MUSL of [Sulsky et al., 1995], the updated particle velocities are mapped back to the nodes to get the nodal velocities
using

(my)jTA =" g1 (xp) (mv)t 4 (2.64)
p

and thus

rar _ VA S, GrGe) AT S () (mv)pt A 065)

! my >y $1 (%p)mp my

In the second equality, the appearance of the shape functions in both numerator and denominator cancels out its role and

the numerical problem regarding very large velocity gradient is thus cured. Applying this to the example given in Fig. 10, the
updated velocity at the troubled node is now given by

VEHAL = (1/m3) [At (ﬂ ; ﬁ) mp] Ny = A1 (ﬂ T ﬁ) (2.66)

mp  Mp
where the first of Equation (2.61) was used with a simplification that v;, = 0. Apparently v;+At is not infinite and can be
safely used for computing the gradient velocity. The resulting algorithm, dubbed MUSL, is given in Algorithm 2. Other name
for this algorithm is the double mapping USL as the particle momenta are extrapolated to the nodes twice—at the beginning
of the step and after updating the nodal momenta. We use a tilde [ to denote the temporary grid velocities (Line 14). The
differences of MUSL compared with USL are in Lines 16 to 21.

Remark 17 It was Bardenhagen [2002] who introduced the term Update Stress Last (USL) and presented an Update Stress
First (USF) algorithm where stresses are updated in the P2G step. He found that while USL is dissipative (i.e., suffers from
numerical dissipation), USF conserves energies well. Nairn [2003] analyzed the USF and MUSL for a 2D elastic vibration
problem. He found that USL is very unstable, that the MUSL approach slowly dissipated energy while the USF approach
slowly increased energy. Wallstedt and Guilkey [2008] used the method of manufactured solutions to test temporal and spatial
convergence of GIMP with USF and USL. Their results show that USL is superior in terms of stability and convergence.

Remark 18 We have so far presented just explicit dynamics MPM. For implicit dynamics and quasi-static MPM formulations,
please refer to the discussion in Section 1.1.4. It is quite straightforward to develop these algorithms as the MPM is very
similar to the updated Lagrangian FEM. That is expressions for the geometric and material tangent matrices developed for
ULFEM can be readily reused, see Belytschko et al. [2000]. A very clear presentation of an implicit dynamics MPM is given
in laconeta et al. [2017].

Remark 19 An explicit MPM code can also be used for quasi-static problems. Even though using an explicit code for simple
static simulations is not efficient (due to many time steps for a long simulation period), an explicit code is the only option
for challenging static simulations where implicit solvers would crash (e.g., the solver does not converge). Global and local
damping can be added to mitigate the effects of stress waves for static simulations [Al-Kafaji, 2013].
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Algorithm 2 Solution procedure of explicit MPM (MUSL).

1: Initialization

2 Set up the Cartesian grid, set time t = 0

3 Set up particle data: Xg, Vg, 02, Fg, Vpo, mpy, pg

4: end

5: whiler <ty do _

6:  Reset grid quantities: m, = 0, (mv)" = 0,£5"" = 0, =0
7 Mapping from particles to nodes (P2G)

8 Compute nodal mass mj = 3 ¢y (x,)m,

9 Compute nodal momentum (mv); = 3 ¢1(x,)(mv)},

10: Compute external force 7' = >y b1 (xp)mpb(x,)

11: Compute internal force £ = — ZP Vya,Ver(x))

12: Compute nodal force !, = 7" + ;"'

13: end

14: Update the momenta (m¥), ™" = (mv)}, + £, At

15: Fix Dirichlet nodes / e.g., (mv); = 0 and (m¥),™ =0

16: Update particle velocities and grid velocities (double mapping)
17: Get nodal velocities ¥/ 74! = (mv), 4! /m},

18: Update particle positions x,T47 = x! + Ar Y~ ¢y (x4)vit4!
19: Update particle velocities v,t4" = a/(v), + >, 7 (x0) [V;4 = vi]) + (1 — o) 32, s (x,) ¥4
20: Update grid velocities (mvy)' 4" = 3~ ¢y (x,)(mv),t4!

21: Fix Dirichlet nodes (mv);"4" =0

22: end

23: Update particles (G2P)

24: Get nodal velocities v/ T4! = (mv), ™4 /m},

25: Compute gradient velocity Lyt4" = 3=, V¢ (x;)vfrm

26: Updated gradient deformation tensor FiF4* = (I + LIT4* Ar)F,
27: Update volume VT4 = det F/t4/V?

28: Update stresses GZJFA’ =0, + Ao,

29: end

30: Advance time t =1 + At

31: Error calculation: if needed (e.g., for convergence tests)

32: end while

2.6 Total Lagrangian MPM

A total Lagrangian MPM (TLMPM) was presented in de Vaucorbeil et al. [2019] where the stress and strain are Lagrangian,
i.e., they are defined with respect to the reference configuration (for example, the 1% PK stress is employed), the spatial
derivatives are computed with respect to the material coordinates. The corresponding weak form therefore involves integrals
over the reference configuration. The result is a very efficient and easy to implement MPM that does not suffer cell-crossing
error and numerical fracture. Furthermore, the TLMPM has a better quadrature approximation since the particles are always
located at the optimal quadrature points. For all that, the inherent no-slip no-penetration contact capability in the ULMPM
ceases to exist for the TLMPM.

The algorithm is nearly identical to the standard MPM, see Algorithm 3. The differences lie in (1) the 15 PK stress
is employed in the internal force, (2) the spatial derivatives are computed with respect to X, (rather than x;), and (3) the
deformation gradient and the velocity gradient are calculated differently. Furthermore, the nodal mass, the weighting functions,
and gradients are computed once. And for some consitutive models adopting the Cauchy stress, one might need to convert it
to the 1% PK stress.

The deformation gradient can be computed as follows
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M A ..
¥, = I’T = FLPA =¥+ AtF,, Fp =) Vogr (Xp)viH4! (2.67)
1

or alternatively, F can be computed using the relation F = I + g—§:
Fir A =14 ) Vogr (Xp) (x4 = Xp) (2.68)
I

Our experiences show that the two ways yield identical results.

The velocity gradient L is then computed as

), G
L dv._ dva _ jp-!

— = 2 2.69
ox  dX dx (2.69)
From which one can compute the strain rate D.
Remark 20 The rate of the deformation gradient F is actually computed as
[ Xrdrxvar Xy dryvxr Xy dr,zvxi Uxr
F=|>,0rxvyr ) 1oryvyr DY é1,zvy1 | = Z v | [¢rx ¢y ¢1.z] (2.70)

D rdrxvar Y Pryvxr Yy Pr,zvzr I | vz

for 3D problems.

Remark 21 Similar to the ULMPM, the TLMPM can be derived following two ways. In the first way, one can start from the
strong form of the governing equations in the TL form and develop the corresponding weak form. In the second way, one can
directly use the TLFEM semi-discrete equations and use the particles as the integration points. Since we have done these
steps for the ULMPM, we do not repeat them for the TLMPM.

Remark 22 Even though the TLMPM is very similar to the TLFEM, there are subtle differences. First, the TLMPM does
not need a mesh conforming to the solid under consideration. Second, modeling contact can be done in the spirit of particle
methods. Third, the TLMPM provides an ideal testbed for developing high order MPM algorithms as it eliminates many
issues of the ULMPM.
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Algorithm 3 Solution procedure of explicit TLMPM (MUSL).

1: Initialization

2 Set up particle data: X,,, Vg, 02, Fg, VPO, mpy, pg

3 Compute nodal mass m; = Zp o1 (Xp)mp,

4 Compute and store weighting and gradient ¢ (X,) and Vo¢; (X))
5: end

6: whiler <t do _

7. Reset grid quantities: m} = 0, (mv); = 0,£;" = 0, =0

8 Mapping from particles to nodes (P2G)

9 Compute nodal momentum (mv); = > ¢1(X,)(mv);,

10: Compute external force 7'

11: Compute internal force f;"' = — ZZ’;I VP Nobr (Xp)

12: Compute nodal force f!, = 7" + ;"'

13: end

14: Update the momenta (m¥), ™" = (mv)} + f, At

15:  Fix Dirichlet nodes / e.g., (mv):t4! = 0 and (mv), = 0

16: Update particle velocities and grid velocities (double mapping)

17: Get nodal velocities ¥/ 74" = (m¥); "4 /m},

18: Update particle velocities vit4" = a/(v), + >, ¢7(Xp) [ViT4 = vi]) + (1 — ) X2; 1 (Xp)¥) T
19: Update grid velocities (mv;) 4! = 2,91 (Xp)(mv);fm

20: Fix Dirichlet nodes (mv);+4! = 0

21: end

22: Update particle (G2P)

23: Compute F/F4" = 3, Vog; (X,)vi T4 .

24: Updated gradient deformation tensor F},F 47 = F! + ArF, 4!

25: Velocity gradient LiH4! = F;JFA’ (Firan-!

26: Update stresses 0574 = 0! + Ao,

27: Covert stresses to 1* PK stresses P44 = g(a74") using Table 4

28: Update particle positions (for visualization) X;+A’ =x, + At ; ¢r (X,)vi T4
29: end

30: end while

2.7 Adaptive time step

As explicit time integrations are only conditionally stable, explicit dynamics MPM must employ a time step smaller than a
critical value so that errors will not be so amplified from time step to time step that the error will quickly swamp the solution.
In typical explicit MPM simulations, an adaptive time step is employed i.e., the time step is adjusted according to the particle
velocities instead of being fixed. One first computes the dilatational wave speed cqj;:

A+2 K + 4G
Cdil = A 2 (2.71)
Y Y

where A, u are the Lamé constants and K is the bulk modulus and G = p denotes the shear modulus.
Next, one computes the maximum wave speed using the following equation [Anderson Jr, 1987]

c= (m;X(Cdﬂ + |vxpl), man(Cdﬂ + |vypl), m;-X(Cdil + |vzpl) (2.72)
where vy, is the x component of particle p’s velocity. For hyper-velocity impact problems, the above equation, where the

particle velocity is taken into account, is very much needed.
The time step At is then chosen as follows

At = amin (— — —) (2.73)



where (hy, hy, h;) are the cell spacings and « is a time step multiplier ranging from O to 1.This factor is needed as the
stability analysis was done for linear problems. The above formulation was implemented in the Uintah MPM code.

Remark 23 When a model contains a few very stiff elements, the efficiency of explicit time integration is severely compro-
mised. This is because the time step of the entire model is decided by these very stiff elements. Sub-cycling is a technique
where the problem is divided into a number of sub-domains and each sub-domain is integrated in time with its own stable time
steps, see [Belytschko et al., 2000]. This technique has just recently been taken in the computer graphics and they introduced
the so-called asynchronous material point method [Hu and Fang, 2017].

Remark 24 The formulation presented so far can be used for either 1D, plane stress/strain 2D or 3D problems. For axi-
symmetric problems, slight modifications are needed and we refer to Appendix G for details.

We have presented the basic MPM formulation for explicit solid dynamics. This MPM formulation, as simple as it is,
can simulation collision of solids involving large deformation where the contact is no-slip, see Fig. 8. Frictional contact can
be incorporated into this model quite straightforwardly (see Section 5.1). However, no details about ¢z (x) and V¢y (x) are
specified yet. The next section is devoted to this topic.

3 Various MPM formulations

A general framework for the MPM has been presented in Section 2 in which the shape functions have not yet been specified.
In this section, various shape functions ranging from the standard hat functions (or linear Lagrange functions), see Section 3.2,
generalized interpolation MPM (Section 3.3), B-splines (Section 3.4), Bernstein functions (Section 3.5), convected particle
domain integrator (Section 3.6) are discussed.

A note on terminology of ¢y (x) and V¢ (x) is worthy here. As will be seen in Section 3.3, ¢y (x) is constructed as
a convolution of the linear/bilinear/trilinear FE shape functions Nj(x) with the particle characteristic function. Therefore,
it is not rigorous to call ¢y (x) grid basis functions. Therefore, in the remaining of this manuscript, ¢y (x) is referred to as
weighting function and V ¢y (x) the weighting gradient.

Remark 25 We restrict, for now, our discussion to MPM formulations using a Cartesian grid. There exists MPM variants
that adopt unstructured grids. See Section 4.4 for a discussion on this topic.

3.1 Properties of weighting functions

The weighting functions ¢y (x) should satisfy all the following properties in addition to being smooth and continuous across
the cell boundaries

Partition of Unity (PU) ) _; ¢7(x) = 1 for all x.
Compact support ¢;(x) # 0 for just points x close to node /.
Non-negativity ¢;(x) > 0 for all x.

Kronecker delta property ¢;(xy) = 6;77.

The defines completeness (i.e., the ability to represent rigid motions and constant strains) which is required for convergence
[Hughes, 2000]. Compact support is for efficiency and non-negativity ensures positive nodal mass when a lumped mass is
used. The use of second-order finite elements implies the use of shape functions having negative values in their domain. This
may lead to negative mass at some of the grid points, possibly causing instability of the solution scheme [Andersen and
Andersen, 2010a]. The Kronecker delta property should be satisfied at least at the solid boundaries so that enforcement of
Dirichlet boundary conditions is straightforward.
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3.2 Standard linear basis functions

Although any grid can be used in the MPM, a Cartesian grid is usually chosen for computational convenience reasons. In
order to avoid finding the natural coordinates of material points, if shape functions are defined in the parameter space, in
MPM shape functions are conveniently defined in the global coordinate system. In 1D, the shape functions are defined as

1—|x— hy if|x—x7|<h
le(x)zg = xil/ e if |x = xp| < B A
else

where /15 denotes the nodal spacing or element size in the x direction. Its derivatives are given by

N (x) = dNj (x) _ —sign(x — x7)/hy if |x —x7| < hy (32)
’ dx 0 else
where sign(x) is the signum function.
For 2D, the shape functions are simply the tensor-product of the two shape functions along the x and y directions

Ni(x.y) = Nf ()N} () (3.3)

In the first MPM, the weighting functions are simply this hat function i.e., ¢y (x) = Ny (x). This MPM is refered to as the
standard MPM in this text. An illustration of the hat shape functions is given in Fig. 11 for a series of three elements in 1D.

m} Grid node
¢—¢| Grid element
° Particle

Figure 11: Hat shape functions for a series of three elements in 1D.

Cell crossing instability. The original MPM with C° shape functions suffers from the so-called cell crossing instability. To
illustrate this phenomenon, consider a 1D MPM discretization shown in Fig. 12 in which all particles have the same stress
(i.e., uniform stress state), the same volume and a uniform element size. Each element has two particles, Fig. 12a. The internal
force at node 2 is identically zero in the absence of body force. When a particle has just moved to a new cell, Fig. 12b, the
internal force at node 2 is non-zero resulting in non-equilibrium. In order to demonstrate this issue, we consider a simple one
dimensional MPM simulation shown in Fig. 13a where two particles are moving with a constant velocity towards each other.
The grid consists of 6 cells with cell size is 1/6. While the particle stresses are identically zero, before collision, and thus
causing no issue as the particles travel, after collision they become non-zero. And right after the particles cross the cells, the
stress field is spoiled and there is a sudden increase of the strain energy, cf Fig. 13b/c.

The cell-crossing issue is more severe in static analyses where there is no inertia force. For structure and material failure
modeling where the onset of failure is most often based on stresses, cell-crossing issue must be completely avoided. Fine
meshes are preferred for accuracy, but they are more prone to cell crossing. A simple but inefficient way to prevent this is to
adopt more material points and smaller time steps, cf. Fig. 14 where three particles per cell are used. Another option is to not
to reset the grid at the end of every steps as done in Guilkey et al. [2006]: particles never move out of the deformed grid. The
resulting algorithm is very close to the ULFEM but the extent of mesh distortion is much lower as the initial mesh contains
elements with right angle corners.

Better methods to mitigate this error include the use of high order B-splines basis functions, the generalized interpolation
material point (GIMP) method (and its variants such as CPDI), the use of modified gradient of shape functions in the dual
domain MPM [Zhang et al., 2011] and the total Lagrangian MPM (Section 2.6). All these methods also improve the quadrature
of the MPM.

For quasi-static problems, Beuth et al. [2011] proposed to use Gauss integration to remove the cell-crossing error. The
idea is that Gauss points never leave the elements. In their formulation, also used in later work of Jassim et al. [2013], one
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Figure 12: Cell crossing issue in MPM. Since the shape functions are linear, the derivatives of the shape functions which are

used to form the divergence are piecewise constant over the elements. More important is that the derivatives are discontinuous
across the cell boundary (change sign).
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Figure 13: Simple example to demonstrate the cell-crossing issue of MPM: (a) problem setup, (b) plot of strain and kinetic
energies showing the erroneous strain energy and (c) zoom-in plot. The stress of the left particle is depicted in (c,d).

uses Gauss points not MPs, whose data are interpolated from the MPs, to integrate the internal force vector (which is the
cause of the problem) for fully filled elements. In Alonso and Zabala [2011] a simple procedure that can be used to reduce
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this type of instability is to consider a constant stress at each cell equal to the stress average of the particles that are currently
within the cell. In this case, the internal forces are obtained in the same way as in the FEM when one point of integration is
used, using the gradient of the shape functions evaluated at the cell center. This idea is used later in the improved MPM of
Sulsky and Gong [2016], see Section 5.5.
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Figure 14: Using more particles per cell can reduce the impact of the cell-crossing issue.

3.3 Generalized interpolation material point (GIMP)

There are different ways to develop GIMP and Bardenhagen and Kober [2004] derived the formulation using the Petrov-
Galerkin method. We adopt a simpler view taken by Steffen et al. [2008c]-the projection from particles to nodes for a scalar
field g can be written as

Np(x)8(x —xp)ds$2

gr=y gNi(xp) =) gy~ (3.4)
p P

/ S(x —xp)ds2
2

where § is the Dirac delta and Ny are the standard grid functions, presented in Section 3.2. In GIMP, one replaces the Dirac
delta with a general function y(x) called the particle characteristic function and the resulting projection is given by

gr =Y gpd1(xp) (3.5)
p
where ¢7 (X,) is given by
1
bip =910 = - | xx—x)Ni (042 (.6
D J82p

and the short notation ¢y, was introduced to represent ¢y (Xp); §2, denotes the particle domain. Fig. 15 illustrates the concept
of particle domains in the MPM and in meshfree approximations. GIMP weighting functions, as defined by the above
equation, are the convolution of the characteristic function and the grid basis function normalized by the particle volume.

The particle characteristic functions must satisfy the partition of unity property in the reference undeformed configuration
[Bardenhagen and Kober, 2004]

D apxt=0)=1 Vx (3.7)
p

Note that Bardenhagen and Kober [2004] placed no such constraint on the characteristic functions in the deformed configura-
tion due to the potential existence of gaps between the different particles’ domains. However, the CPDI of Sadeghirad et al.
[2011] ensures the PU of y,(x, 7) in the deformed configuration as it closely tracks the particle domains.

Typically piece-wise constant particle characteristic functions that satisfy the PU given in Equation (3.7) are used
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Figure 15: Particle domain and particle characteristic function in GIMP: rectangular particle domains can fill the initial
material domain without overlapping (left) and overlapping circular particle domains commonly used in meshfree methods
(right). Note also that particle domain is evolving in time as the material deforms.

1 ifx e,

) (3.3)
0 otherwise

Xp(X) = {
which implies that the material domain is partitioned into non-overlapping rectangular particle domains (in 2D) as shown in
Fig. 15. This characteristic function is known as the "top-hat" function. This particular particle characteristic function results
in the following GIMP weighting functions (simplification of Equation (3.6))

1
bip =4 | Niwag (3.9)

Since the GIMP functions depend on the particle domain §2, which in turn evolves in time, the GIMP functions are
particle specific and time-dependent. Differences in how the integral in Equation (3.9) is evaluated and how the particle
domains are defined/updated result in various GIMP formulations. Fig. 16 illustrates existing GIMP methods to be discussed
in what follows.

In the approach commonly referred to as uGIMP (unchanged GIMP) £2,, is kept fixed and the integral in Equation (3.9) can
be exactly integrated resulting in analytical expressions for ¢y, . Therefore, uGIMP is more effective than GIMP formulation.
However, as material deforms, the unstretched particle domains cannot fill the material space. A more complicated approach,
known as cpGIMP (contiguous particle GIMP), updates the particle domain using the deformation gradient F without
taking shear deformation into account. Analytical expression for the weighting functions and its derivatives are available.
Nonetheless, the updated particle domain is a axis-aligned rectangle in 2D and space cannot be tiled particularly for shearing.
Andersen [2009] used Gaussian quadrature to numerically evaluate the GIMP basis functions on the fully updated particle
domain (the particle domain is a parallelogram in 2D). But, it is very computationally expensive and thus should not be
employed. Convected Particle Domain Interpolation (CPDI) [Sadeghirad et al., 2011, 2013] is the next logical development
of GIMP where particles are given parallelogram-shaped domains that are constantly updated using the deformation gradient
evaluated at the particle location. The novelty in CPDI is that the integrals in Equation (3.9) are also analytically evaluated
thanks to the use of alternative basis functions. CPDI will be presented in Section 3.6.

3.3.1 uGIMP

In uGIMP and cpGIMP, the following one dimensional particle characteristic function is employed

. (3.10)
0 otherwise

Ip(x) =

Here [, is the current particle size. The initial particle size is determined by dividing the cell spacing &, by the number of
particles per cell. Equation (3.9) is reduced to

44



uGIMP cpGIMP

Figure 16: Tracking particle domain in GIMP: space cannot be tiled in a general multi-dimension domain using rectilinear
Qp .

1 [Xptin/2

b1p = —f Ny(x)dx (3.11)

ZP p_lp/2

and after substitution of the standard FE hat function Nj(x), cf. Equation (3.1), into the above, one obtains the uGIMP
function [Steffen et al., 2008¢]

1= (4x2 +12)/(4hxlp)  if x| < 0.5,

1—|x|/h if 0.5, < |x| < hy — 0.5

P (x) = xl/ 5 . p < Il < e P (3.12)
(h+1,/2 —|x|)7/(2hxlp) if hy —0.5], < |x| < hx + 0.5,
0 otherwise

of which an example is given in Fig. 17%. Note that ¢; = ¢(x — x7). Obviously, the GIMP functions are C ! across the
cell boundaries, have support in adjacent cells and their next nearest neighbors. Note also that there are four non-zero basis
functions within one cell. But, for a given particle in a cell there are only three non-zero functions. As can be seen, if there
are many particles per element (/,, is getting smaller), the GIMP functions resemble the standard FE hat functions.

The first derivative of the GIMP weighting function is given by

—8x/(4hly) if |x| < 0.51,
—(1/ hy)sign(x) if 0.5/, < |x| < hy —0.5],

Px =\ sign(o)(hy + 1p)2 — x)/(hxly) if hy —0.50, < |x| < hy + 0.5], ©-15)
0 otherwise

where sign(x) is the signum function.

In 2D the particle domain is a rectangle defined as [ x [ g and the GIMP functions are the tensor product of the 1D
functionsi.e., ¢ (x,y) = ¢ (x,[F)p(y,! g ). An example of 2D uGIMP functions is given in Fig. 18. In 3D, the particle domain
is a cube and the weighting function is defined similarly. For a given particle p there are 9/27 non-zero basis functions ¢y,
for 2D and 3D problems, respectively.

3.3.2 cpGIMP

In the cpGIMP, the particle domain is tracked by updating the particle sizes in the x and y directions

Iyt + At) = 15(t = 0) Fxx(t + At)

1X(t + At) = 12 (t = 0)Fy, (t + At) ©.19
p —'p - yy

i.e., the deformed domain is stretched in orthogonal directions but is never sheared. In other words, particle domains that start
as squares (in 2D) or cubes (in 3D) will deform to rectangles (in 2D) or orthogonal boxes (in 3D), respectively. Accordingly,
the cpGIMP is limited to problems for which deformation is along the grid directions so that off-diagonal deformation
gradient components are negligible.

8Matlab scripts used to generate this plot are presented in Appendix E.1
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Figure 17: One dimensional GIMP basis functions: basis functions (top row), first derivative (middle row) and GIMP functions
are reduced to MPM basis functions as /, decreases (bottom row).
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Figure 18: Two dimensional GIMP basis functions: illustrated for node at (2, 2) on a square domain 4 x 4 discretized by 16
elements of spacing 1.
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3.4 B-splines basis functions

Steffen et al. [2008c,b] showed that for simple problems, the use of cubic splines improves the spatial convergence properties
of the MPM as grid-crossing errors are reduced. Cubic B-splines were also adopted in the amazing snow animations given
in Stomakhin et al. [2013] for the Frozen movie. There are different ways to construct the B-splines basis functions, namely
through a recurrence or a convolution concept. The latter was used in Steffen et al. [2008c,b], Stomakhin et al. [2013] and
other MPM references. However, we present herein only the B-splines constructed using a recursive formula not only because
we are familiar with them based on our work on isogeometric analysis but also because they are general.

Given a knot vector &1 = {£1,&,...,&,4k+1}, Which is defined as an ordered set of increasing parameter values, the
associated set of B-spline basis functions {N; y }7'_, are defined recursively by the Cox-de-Boor formula [Piegl and Tiller,
1996], starting with the zeroth order basis function (k = 0)

1 if§& < 11,
Nige) =] & =5 <G (3.15)
0 otherwise,

and for a polynomial order k > 1

Nek®) = Ny (©) + L E @) (316
Eivk — & Eivk+1 —&it1
in which fractions of the form 0/0 are defined as zero.

High order B-spline basis functions are C k=1 not CO as high order Lagrange polynomial basis, the connectivity of
elements is, therefore, different from standard finite elements. Elements are defined as non-zero knot spans. Note that the
B-splines functions are not interpolatory except at the boundaries when open knots’ are used. Open knots facilitate the
imposition of Dirichlet boundary conditions. B-splines elements are used extensively in Isogeometric Analysis [Hughes et al.,
2005] which is a computational paradigm that reduces the gap between Computer Aided Design (CAD) and Finite Element
Analysis (FEA).

1.0

0.81

0.6

Nis

0.44

0.24

0.0

Figure 19: One dimensional cubic (k = 3) B-spline basis functions on an open uniform knot E =
{0,0,0,0,1,2,3,4,5,5,5,5}. There are 8 nodes (control points in CAD terminology) and 5 elements (or knot spans in
CAD). At can be seen from the figure, at any point there are 4 (= k + 1) non-zero basis functions. Therefore each element
has 4 nodes. The first element’s connectivity is [1, 2, 3, 4] i.e. particles locate in this element contribute to nodes 1,2,3 and 4.
The second element’s connectivity is [2, 3, 4, 5] and so on [Hughes et al., 2005].

Fig. 19 shows cubic B-spline basis functions for a uniform knot vector & = {0,0,0,0,1,2,3,4,5,5,5,5}. The knot
vector is made of 5 knot spans and there are 8 basis functions. In order to use the knot spans as elements in the manner of
Cartesian grid commonly used in MPM, one needs, in this example, 6 shape functions not 8. Therefore, there are two more
basis functions than the number of shape functions required. The right number of shape function is obtained by combining the
two basis functions (on each side) that do not peak at the junction between two elements to obtain the new one dimensional
shape functions, now denoted by S; ¢ where { corresponds to any axis x, y or z, plotted on Fig. 20. By doing this, the
partition of unity is respected and all elements have the same size. Similar to Steffen et al. [2008b], the two dimensional and

9Open knots are those where the first and last knots are repeated p + 1 times.
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three-dimensional shape functions are obtained as the product of the different one-dimensional shape functions as:

16 = St (2 Y sny (2228) map

Xp— X1 R . (3.17)
¢1(xp) = Six L x Sty L) xS, (£ in 3D
’ hx ’ hy ’ hz
1 : : : : | O Grid node
: I I I . i
0.8 . I I I .
o 06 E f i i E |Ij—r'—:| Grid element

s ! : : ! ! i i+1
04 E E E E E
02} : | ! | ;
0! : : : : :
Ct {1 {1 {1 L} |
0 1 2 3 4 5

Figure 20: Cubic B-spline shape functions for a series of five elements in 1D. Note that there are now just 6 basis functions.

Because of the presence of boundaries, there are four different types of shape functions S; ¢ which differ by the position
of node i with respect to the boundaries. They are represented on Fig. 20 by different colours and their expressions are:

e Shape functions of type 1 (blue in Fig. 20): the particle i is located at the boundary, i.e. {; = (g, and have the
following form:

ér3+r2+2r+%, —2<r=<-1
1.3
1 _ —gr +r+1, _lfrfo
Spe(r) = L3 ey 0<r<1 (3.18)

—er¥+r?=2r+3% 1<r<2
where r = (§, — i)/ h.

o Shape functions of type 2: the particle i is located on the right side of the closest boundary one cell away from it, i.e.
¢ = Cp + h, and have the following form:

—ir3—r24 2 -1<r=<0
Sié(r) =133 —r2+ 2 0<r<l1 (3.19)
I<r=

—%r3+r2—2r+%, 2

e Shape functions of type 3: the particle i is located at least two cells away from any boundary, i.e. {; > {p + 2h, and
have the following form:

%r3+r2+2r+%, —2<r<-1

1.3 2,2

—5r> —1r“ 4+ 3 -1<r=<0
S3.(r)=1,2 3’ - = 3.20
I,§() %r3—r2+%, 0<r<li ( )

—ér3+r2—2r+%, 1<r=<2

e Shape functions of type 4: the particle i is located on the left side of the closest boundary, one cell away from it, i.e.
¢ = {p — h, and have the following form:

ér3+r2+2r+%, —-2<r=<-1
Ste(r)=1-3r3—r24+2, —1<r<0 (3.21)
%r3—r2+%, 0<r=<li
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These four types of one-dimensional shape functions S; ¢ translate into 42 = 16 two dimensional shape functions, and
into 43 = 64 three dimensional shape functions: each node I having a different type along the respective axes x, y, and
z. Unless otherwise stated, in the following, when cubic B-splines are used, each background cell is populated by 2, 4 and
8 material points in 1D, 2D and 3D, respectively. These particles will be located at positions defined by §&; = 0.2113 and
&> = 0.7887. And these locations are determined from the Gauss quadrature rule.

Remark 26 Note that we have redefined the B-splines functions to have exactly n + 1 nodes (and basis functions) for a mesh
of n cells (1D). This is just a matter of implementation as the B-splines grid is now exactly the same as the grid that uses
hat functions. Other implementation of B-splines in MPM usually follow the isogeometric analysis one, see e.g. Gan et al.
[2018].

3.5 Bernstein functions

Bernstein polynomials form a basis for the Bézier elements used in isogeometric analysis [Hughes et al., 2005]. These
polynomials are used in CAD to construct the so-called Bézier curves/surfaces [Piegl and Tiller, 1996]. The univariate
Bernstein basis functions of order k are defined over the biunit interval [0, 1] as:

k\ . .
Bi () = (l.)s’ (1-§ (3.22)

where the binomial coefficient (’f) = % for 1 <i <k 4+ 1. Bernstein polynomials of degree 2 are plotted in Fig. 21.

These polynomials form a partition of unity: Z;;] Bix(§) = 1.
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Figure 21: Bernstein basis polynomials of degree 2.

Each cell of the background mesh is made of 3 (in 1D), 9 (in 2D), or 27 (in 3D) nodes. As some of these nodes are
common to different cells, we express the shape functions as a function of the normalized distance between a particle p and
anode I, i.e. (X —Xp)/ h:

X7 — X — Zy — Z
¢1(xp)=Sz,x( L ”)xsz,y(”h y”) xSI,Z( ! ") (3.23)

X y h;

where S; ¢ are the shape functions along the axis ¢ (i.e. x, y or z). The shape function depends on the position of the nodes
in a cell: if it is located on an edge or the cell center along the axis i, they take two different forms: if the node I is located
on an edge of a mesh element along the axis {:

1—|r? if—1<r<l
Sie(r) = Boa(ry = 1 17D =rs (3.24)
0 otherwise

otherwise, i.e. if the node I is located at the center (or inside) an element along the axis ¢:

1 L_ 9,2 if —1/2<r<1/2
):§2 r it —1/2=r=1/ (3.25)

S. r) = B r + -
i.g(r) 1,2 (| | 2 0 otherwise
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Figure 22: Bernstein quadratic shape functions for a series of three elements in 1D. Note that Bernstein functions are still C°.

Fig. 22 shows these functions over a grid of three cells. As Bernstein functions are smooth but still C? across the cell
boundaries, they are not recommended for adoption in any MPM variant except the TLMPM.

In this work, unless otherwise stated, when using Bernstein shape functions, each background cell is populated by 3, 9 and
27 material points in 1D, 2D and 3D, respectively. The particles will be located at positions defined by £1,2 ana 3 = 0.1127,
0.5, and 0.8873.

3.6 Convected Particle Domain Interpolation

The first method that can fully track particle domains is the Convected Particle Domain Interpolation (CPDI), developed
in Sadeghirad et al. [2011] where 2D particle domains are approximated as parallelograms which still induce some gaps.
Later on, quadrilateral particle domain was presented in Sadeghirad et al. [2013]. Nguyen et al. [2017] extended CPDI to
triangular particle domains, tetrahedral domains, and also to arbitrary polygon/polyhedral domains. All these formulations
are presented in this section. We refer to Appendix C for an interpretation of CPDI as a way of projecting quantities defined
over a Lagrangian mesh to a Cartesian grid.

3.6.1 One dimensional linear CPDI (CPDI-L2)

In order to have a better understanding of the CPDI shape functions, we herein derive the one dimensional CPDI shape
functions. Visualization of 1D CPDI functions were provided in the original reference [Sadeghirad et al., 2011] but without
details. If the 1D particle domain is represented as a two-node line element, we have

¢1(xp) = 0.5N7(x,) + 0.5N(x))

—1 1 3.26
A1 () = T NI (sh) + N1 (D) (3:20
D 14

where x’}, xI% are the corners of the particle domain i.e., the nodes of the line element.

For a visualization of these functions, we consider a grid of three cells with four nodes as shown in Fig. 23. There is
one particle with [, = 1 = hy that moves from the left (node 1) to the right (node 4). By using Equation (3.26), one can
compute the CPDI basis functions of all four nodes as plotted in Fig. 23 (bottom figure). Also depicted is the standard FE
shape functions—the well known hat functions (middle figure). As can be seen from the figure, the CPDI basis functions form
a partition of unity, but they are not interpolator i.e., they do not satisfy the Kronecker property. It should be noted that as we

did not use extra cells the CPDI functions do not form a PU for intervals 0 < x < 0.5and 2.5 < x < 3.

3.6.2 Convected Particle Domain Interpolation (CPDI-R4)

In the first version of the CPDI family, the particle domain is tracked using the particle deformation gradient F in the way
that the deformed particle domain is a parallelogram as shown in Fig. 24. The domain is defined by (i) the particle position
and (ii) the domain vectors. The latter at time ¢ + At are given by
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Figure 23: One dimensional CPDI-L2 shape functions (bottom figure). Also shown are the standard FE basis functions
(middle figure) and the grid/particle (top figure).

rl‘1+At — Ft+Atr(1)

pL AL — i (3.27)

where r(l) and rg are the initial domain vectors. Since the initial particle domain is a rectangle (that is why we label it as
CPDI-R4 where R stands for rectangles and 4 is the number of nodes of one particle domain), then we have

0.5/%9 0
ﬁ:[{],@:bﬁd (3.28)

where [ ;,‘0 and / IJ,’ 0 are the initial particle sizes in the x and y direction, respectively.

The main issue in any GIMP methods is how to perform the integral in Equation (3.9) effectively. Particularly when one
allows the deformed particle domain to be of arbitrary shape and thus located arbitrarily with respect to the background grid.
In CPDI, this is achieved by approximating the grid hat functions Ny (x) over the deformed particle domain §2, using yet
another basis functions

t
I‘g Ft 4 r2 3
1—)//\\
190 0
p Xg I'1
2
[0 L o0

< y
< >

Figure 24: Particle domain as a parallelogram in CPDI is defined by the particle position and the domain vectors.
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4
Nr(®) ~ Nf™(x) = Y Mc ()N (%) (329)

c=1

where Nj(x.) are the conventional grid functions evaluated at the corner ¢ of the particle domain and M, (x), or precisely
M. (&, n) where (£, ) are the so-called parent coordinates, are the basis functions of the four-node quadrilateral elements
(Q4). The original (Ny) and alternative basis functions (N Ia PP (x)) differ from each other in the interior of the particle domain.
And yet, the alternative basis function identically equals the exact basis function at the particle corners and hence on the
particle edges since M. (x) are interpolation functions. This property makes the CPDI evaluation of nodal internal forces
exact in 1D [Sadeghirad et al., 2011].

The GIMP basis functions in Equation (3.9) now becomes

L ymmae= L[ [
b1p = v, /Qp N7 (x)ds$2 = v, /.Qp [; Mc(X)NI(Xc)j| ds2

4 (3.30)
1
= - { / Mc(X)dQ} Nr(xe)
D=1 2p
and similarly the gradient V¢, is written by
1 1 i
Vo, =— [ VN(x)d2 = — f > VM (x)Np(xc) | ds2
e el (3.31)

1 4
=7, [/9,, VM“")“Q} i)

Integrals in Equations (3.30) and (3.31) can be computed exactly and the resulting CPDI basis functions and first derivatives
are written as [Sadeghirad et al., 2011]

4 4
1
bip =7 D Ni(xe) = ) wlNi(xe). wl =1/4
c=1

c=1
1 -
Vérp = 3 {(NI (x1) = N1 (x3)) [:;y _ jﬂ + (N1 (x2) = Ni (x4)) [_’;j B ]} (3.32)
42 X X x X
4
= Z Wf N[ (Xc)
c=1

where (r1x,71y) are the components of ry; wz and wé are the so-called function/gradient weights. As can be seen from

Equation (3.32), the basis function of node I evaluated at particle p is the sum of the conventional grid functions evaluated
at the four corners of the particle domain. The gradient is the weighted sum of the conventional grid functions evaluated at
the four corners of the particle domain. Note that the coefficient 1/ V), in the gradient is different from the original formula
of Sadeghirad et al. [2011] (1/(2V},)) because we adopted different domain vectors.

It can be observed that the function weights sum to unity and the gradient weights sum to zero. These properties are the
consequence of the PU of the FE shape functions M. For example, one can write

> M) =1 /9 Y MR =V, —> > (VL/Q Mcd.(z) =1 (3.33)
c P c c p P

This observation is useful for verifying the derivation of CPDI functions. Based on this, it can be straightforwardly shown
that the CPDI functions satisfy the partition of unity. We refer to Fig. 23 for a demonstration of this property.

The position of the four corners (they are numbered counter clock wise as shown in Fig. 24) are computed from the
particle position and the particle domain vectors
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X] =Xp—Ir;p—Ip
X2 =Xp +1I1 —I2
X3 =Xp +I1+1I2
X4 =Xp —T1+TI2

and the particle domain volume is
Vp = Ap = 4|[r1 X 13|
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Figure 25: Gaps in CPDI-R4. This is a compliant bar under influence of a large gravity force.

3.6.3 Quadrilateral Convected Particle Domain Interpolation (CPDI-Q4)

(3.34)

(3.35)

It is obvious that parallelograms cannot fill space without gaps, cf. Fig. 25 and thus Sadeghirad et al. [2013] presented an
improved CPDI method where particles are represented as quadrilaterals in 2D, cf. Fig. 26. This enhancement was referred to
as CPDI2 by the authors. Herein, we label it the CPDI-Q4 to reflect that a particle resembles a Q4 finite element. This minor
revision removes overlaps or gaps between particle domains and it also provides flexibility in choosing particle domain shape

in the initial configuration.
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Figure 26: Particle domains as (bilinear) quadrilaterals in CPDI-Q4. Note that the particle domain corners only play a role in

defining the basis functions and they do not carry any material quantities.

The CPDI-Q4 weighting function and its derivatives are written by [Sadeghirad et al., 2013]

$1p = 24V, [

+ (6Vp 4+ a + b)Ny(x3) + (6V, +a — b)Nr(x4)]
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(6Vp —a = b)Nr(x1) + (6Vp —a + b)N;(x2)

(3.36)



Varp = 3= (i 2278 o[22

X3

Ya—Y2 Y1—)3
N (x3) [xz _ x4] + Ny (x4) [Xz. _ x1:|} (3.37)
where a = (x4 —x1)(y2—y3) —(x2—x3)(ya —y1) and b = (x3—x4)(y1 —y2) — (X1 —x2)(y3 — y4). The volume (actually
area) of the particle domain is given by V), = 0.5[(x1y2 — x2y1) + (X2y3 — x3¥2) + (X3y4 — x4¥3) + (x4y1 — x1y4)].
There was a typo is Sadeghirad et al. [2013] and the above equations are correct. Nguyen et al. [2017] provided a derivation
and Appendix E.2 discusses another derivation using a computer algebra system.

The particle corners are updated using the updated grid velocities (as if we did before for the particles)

X P4 =xL + At Y Np(xo vyt (3.38)
1

By using the grid velocities to update the particle corners, no gaps between particle domains will be produced. If needed, e.g.,
for particle visualization, the particle positions can be computed as the centers of the particle domains:

1
Xp = 7 de waxc (3.39)

where in the second equality the mapping x = M X, was used.

3.6.4 Triangular Convected Particle Domain Interpolation (CPDI-T3)

It is straightforward to extend the CPDI to the case where the particle domains are linear (or three-node) triangles as illustrated
in Fig. 27. This is beneficial for geometries where a discretization in terms of triangles is available. The CPDI-T3 weighting
functions and first derivatives are given by [Nguyen et al., 2017]

1=0 t 40
eI | Lts
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o grid nodes
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o particle corners

Figure 27: Particle domains as (linear) triangles in CPDI-T3.

b1p = 5 N1 1) + Nr(s2) + N (3] (3.40)

Vi, = {N,(xl) [yz yj + Ny (xa )[y3 y;] + Ni(xs )[ yz“ (3.41)

2V X2 — X1

3.6.5 Three dimensional linear tetrahedron CPDI (CPDI-Tet4)

If the particles are represented by linear tetrahedron elements, the corresponding CPDI-Tet4 weighting and gradient weighting
functions are given by [Nguyen et al., 2017]

1 | 1 1
$1p = 7 NI(x1) + N1 (x2) + ;N1 (x3) + 7 N7 (x4)

1 al ajn as ag (3.42)
Vor, = A Nr(x1) | by | + Nr(x2) | b2 | + Ny(x3) | b3 | + Nj(x4) | ba
p C1 Cc2 c3 Cq
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where

a1 = Y42732 — ¥32242,02 = V31243 — V3421343 = Y24Z14 — Y14224,04 = V13221 — V12231
b1 = X32242 — X42232, b2 = X43231 — X13234, b3 = X14224 — X24Z14, b4 = X21213 — X31212 (3.43)

C1 = X42Y32 — X32)42,C2 = X31Y43 — X34)13,C3 = X24)Y14 — X14)24,C4 = X13)21 — X12)31

with x;; = x; — xj and y;; = y; — yj; 6Vp = x21(y23234 — ¥34223) + X32(y34212 — Y12234) + Xa3(¥12223 — ¥23212).
Note that V), is a signed quantity and a proper node numbering was used to have a positive value. This CPDI-Tet4 has been
used in Sinaie et al. [2018b] to model thin-walled metallic tubes under impacts and in Leavy et al. [2019] for mesoscale 3D
simulations of polycrystalline materials.

3.6.6 Polygonal and polyhedral CPDI

Voronoi diagrams or Voronoi tessellations have widespread applications in computational geometry, city planning, computer
graphics, geophysics, and meteorology etc. It is easy to make a simple Voronoi diagram. Just throw a random scattering of
points (or seeds) across a plane, connect these sites with lines (linking each point to those which are closest to it), and then
bisect each of these lines with a perpendicular, cf. Fig. 28. Each cell in the diagram encloses a particular site, and the surface
of the cell contains all the points on the plane that are closer to that site than to any other. The properties of Voronoi diagrams
have been studied extensively and we refer the readers to the review paper [Aurenhammer, 1991].

O nodes (seeds)

4 Delaunay triangle

Voronoi cell

Figure 28: Voronoi diagrams and its dual-the Delaunay triangles.

A centroidal Voronoi tessellation (CVT) is a special type of Voronoi diagrams. A Voronoi tessellation is called centroidal
when the generating seed of each Voronoi cell is also its mean—the center of mass with respect to a given density function
[Du et al., 1999]. The center of mass is the arithmetic mean of all points weighted by the local density. If a physical object
has uniform density, then its center of mass is the same as the centroid of its shape. It can be viewed as an optimal partition
corresponding to an optimal distribution of generators.

Nguyen et al. [2017] extended CPDI to arbitrary polyhedron. For sake of simplicity, we present the 2D polygonal CPDI.
The idea is simple: the particle polygon of n sides is partitioned into n triangles as shown in Fig. 29. This allows us to rewrite
the function ¢y, in Equation (3.9):

n

3
b1y = 71) [ f Nl(x)d.Q:| [ / Napp(x)d9:| Z [Z 0 I(Xc):| (3.44)
s=1 =1

where §27 denotes the sub-triangles and u_)} are the function weights defined previously for the CPDI-T3 case: u_); = Ag/3,
¢ =1,2,3, and Ay is the area of sub-triangle s.
Equation (3.44) can be rewritten in the following general form which is equally applicable to any n-sided polygons with

n=>4
n+1

¢rp = Y wiNr(xc) (3.45)

c=1

where for example w} = (A1/3 + A2/3)/A, and A denotes the area of the particle domain i.e., A = ) A,. Note that in
our sub-sampling method in addition to the polygon vertices one needs to use the polygon’s centroid as well.
In the same manner, the derivatives are given by

55



O particles sub-triangles

Figure 29: Particle domains as a polygon in polygonal CPDIL.
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Figure 30: Ghost cells in GIMP/CPDI: due to the larger extent of the GIMP basis functions’ support, ghost cells have to be
employed. Note that material points never move to ghost cells.

1 n 1 n 3 ) n+1
Vi, ~ A / VNP (x)d2 | ~ A Z We N (xe) | ~ Z we Nr(xc) (3.46)
Ps=1 /%% s=1 Le=1 c=1

where wg are the unnormalized gradient weights of the sub-triangle under consideration.

The proposed sub-sampling method is easy to be implemented and it is applicable to polygons of arbitrary sides. By
numbering the particle corner nodes in a counter clockwise order, one simply loops over the polygon edges, for each edge
a sub-triangle is formed and the function weights of this sub-triangle are computed and accumulated to the corresponding
weights. The particles are stored as a finite element mesh consisting of elements of different types: quadrilaterals, pentagons,
hexagons and heptagons etc.

Remark 27 The polyhedral CPDI could be the only MPM variant that represent the solid geometry most accurately (includ-
ing the surfaces) and in the case that remeshing is needed (as the particle domains get distorted), no advection occurs. This
is because the particles are the seeds for the Voronoi tesselation. If this is realized, the resulting method is quite similar to
the PFEM. Yet this has not yet been implemented as remeshing is against the spirit of meshfree methods.

3.7 Complications in GIMP/CPDIs

There are some complications associated with GIMP and CPDI. First, for axisymmetric problems, the weighting and gradients
must be modified [Nairn and Guilkey, 2015]. Second, ghost cells have to be used and third, there are voids in CPDI. The
latter two issues are discussed in this section.

High order C' GIMP shape functions and CPDIs requires the introduction of ghost cells (also referred to as extra cells)
at the boundaries, cf. Fig. 30, so as that PU is satisfied. The use of ghost cells in GIMP is identical to extra cells in finite
difference methods.

Next, we demonstrate holes can appear in the CPDIs'?. The problem configuration is given in Fig. 31. The blue particle

19This was firstly discovered by Dr Brannon at University of Uintah presented in a post on her blog
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is moving down with a constant velocity whereas the red particle initial velocity is null. Note that we purposely assign the
particle sizes for these two particles as follows. The red particle has a particle size in the horizontal direction exceeds three
grid spans while the size of the blue particle is slightly smaller than the grid cell. Snapshots of the simulations are shown
in Fig. 32a and it clearly demonstrates that CPDIs functions have holes which allow the blue particle goes through the red
particle without any deformation. When the particle size is smaller than 3 grid spans (for the red particle) then no hole is
created as demonstrated in Fig. 32b. This issue can be solved using particle splitting [Homel et al., 2016].

v

Figure 31: Hole problem configuration: a background grid of 7 x 7 cells with two particles of which one is moving down
with a constant velocity.
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Figure 32: Hole problem result: particle configurations at different time steps.

4 Implementation aspects

The MPM algorithms presented in Section 2 as well as the various weighting functions treated in Section 3 put us in a position
nearly ready for coding. There are, nonetheless, some implementation details need to be discussed. First, particle generation
is discussed in Section 4.1. Second, application of initial and boundary conditions are given in Section 4.2. Third, as CPDI’s
implementation is slightly different from other MPM variants, we provide implementation details of CPDI in Section 4.3.
Fourth, material point methods adopting an unstructured grid, very common in the geo-technical engineering field, are briefly
considered in Section 4.4. Post-processing of the results of MPM simulations is discussed in Section 4.5. A short discussion
on Karamelo is treated in Section 4.6.

4.1 Initial particle distribution

The MPM requires a grid and material points. As a Cartesian grid is easy to construct in any dimensions, we focus only on
particle generation. In the FEM, the solid must be discretized into finite elements using a mesh generator. This meshing step
is taking 80% of the total simulation time for complex geometries [Hughes et al., 2005]. In the MPM ,the solid is represented
by a cloud of material points thus eliminating this time-consuming meshing step. There are numerous ways to obtain the
initial particle distribution which depends on the geometry of the object and/or the available tools.
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(a) Regular MPs (b) Gauss points
Figure 33: Initial positions of material points. The black dots are particles placed at Gauss points.

j bounding box

(a) (b)

(4/4)

° o‘\
o\ o T~
() . .
rejected particles
[ \l

([ ® |
(2,2) (4,2)

Figure 34: Grid cells are indexed by (i, j) in the integer index space (a), and this is used to quickly identity cells which are
closest to a given geometry object based on the bounding box concept (b). Instead of distributing particles in all cells (16)
one only does this for 9 cells.

4.1.1 Regular particle distribution

One can distribute the particles in a regular pattern as shown in Fig. 30. The idea is to use a constant number of material
points per grid cell and discard the points that fall outside the boundary of the initial material domain. For simple geometries,
checking whether a point is outside a domain or not can be done analytically. For complex geometries, the level set method
[Sethian, 1999] can be used. This method of particle generation is the most commonly adopted one in MPM simulations.
What constitutes a suitable number of particles is something of an open question, but it is typically advisable to use at least
two particles in each cell in each direction, i.e. 4 particles per cell (PPC) in 2D and 8 PPC in 3D.

What should be the initial position of the particles relative to the grid cells? For the TLMPM, it is reasonable to place
particles at the locations of the Gauss points that are optimal for numerical integration. For the ULMPM, there are different
options. One can place the particles at Gauss points (this is coded in Karamelo), see Fig. 33b or regularly within the cells,
see Fig. 33a. As the particles will, anyway, move out of their original locations, we do not see any difference between the two
when a sufficient number of particles is used for each cell.

A fast particle generation algorithm. We present here some techniques to have a fast generation of particles for MPM
simulations. For the sake of simplicity, only 2D is considered but the principles are general enough to be easily extended to
3D. If there are n grid cells and m geometrical objects, a naive algorithm by sweeping over the cells and for each cell loop
over all the objects would result in an algorithm of order O(n x m). This is inefficient if both n and m are large. First an
integer cell coordinate i, j is introduced as shown in Fig. 34a. Note that the index is numbered from one. Let’s assume that
one needs to generate the particles for a triangle given in Fig. 34b. Based on the bounding box of the triangle and the cell
indices, we can determine the cells surrounding the triangle. Finally, one loops only over those cells and distribute particles.
A simple check whether a particle is within a polygon is used to discard particles outside the triangle.

The index of element with coordinates (i, j) is given by

e=1i4+numx x (j —1) 4.1

where numx denotes the number of cells along the x direction.
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4.1.2 Irregular particle distribution

For solids of complex geometries, one can use a FE mesh generator to build a mesh and take the centers of the elements
as particles. Actually, this is the technique often used with the uMPM (see Section 4.4). For example, in order to generate
particles for a circular disk, one can use a mesh generator to partition the disk into a set of triangles. The particles can be
taken as the centers of these triangles, Fig. 35. Alternatively, integration points of the triangular elements are mapped to the
global coordinate system (using Equation (2.25)) and then are used as material points. The area of each triangle can be easily
obtained and thus the particle volumes and masses can be determined. This kind of particle distribution is referred to as
irregular distribution.

Figure 35: Irregular initial particle distribution: obtained using the available FE mesh generators.

Remark 28 It would be even better if one can generate particles directly from the CAD files. The idea is to just using a CAD
file and a background grid to build the particles. Nonetheless, to the best of our knowledge, such an algorithm has not yet
been published.

4.1.3 Particle distribution from images

Geometries are often available as digital images (e.g., CT scan of the microstructure of the materials). In this case, the MPM
is more suitable than the FEM for it allows a rather straightforward pre-processing step from the images to the numerical
spatial discretization [Bardenhagen et al., 2005, Guilkey et al., 2006, Nairn, 2007a]. The basic idea is to convert each pixel
to a material point locating at the center of the pixel and depending on the intensity of the pixel the particle is tagged to a
specific material. The quality of this process depends heavily on the contrast of the image. Fig. 36 depicts an example of
converting an image which is a fiber-reinforced composite material to particles.

i i

Figure 36: Initial particle distribution: converted from an image. From left to right: RGB image, particles and zoom in.

Remark 29 It should not be misunderstood that MPM should be the method of choice when the solid geometry is defined
as images. There exists excellent tools to convert images into finite element meshes such as Simpleware (commercially
available at http: //www. stmpleware. com)or 00F (freely available at http: //www. ctems. nist. gov/ oof/0of2/).
Nonetheless, for highly complex geometries, the automation of the mesh generation process is notoriously difficult and a
significant portion of analysis time is spent simply on mesh generation.
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4.2 Initial and boundary conditions

Initial conditions such as initial velocities, temperatures and stresses (residual stresses or equilibrium stresses obtained in a
static analysis prior to a dynamic simulation) are imposed on the particles, prior to the time loop starts.

On the other hand, it is quite hard to enforce Dirichlet and Neumann boundary conditions (BCs) in the MPM. Confining
the discussion to mechanical problems, there exist Dirichlet BCs of the type v;; = v on I, —the so-called Dirichlet boundary,
and Neumann BCs of the type t := o - n = t on the Neumann boundary I7. In the case that t = 0, that is all boundaries
are traction-free, one does not have to do anything related to Neumann BCs. Note that if no Dirichlet BC is applied to the
boundary nodes, then particles are able to freely move out of the computational domain.

Enforcement of Dirichlet BCs is presented in Section 4.2.1 and of Neumann BCs in in Section 4.2.2. A technique tailored
to CPDIs for enforcing Neumann BCs is given in Section 4.2.3.
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REE ]

Figure 37: Dirichlet boundary condition treatment in MPM: boundary aligns with the grid (left) and boundary not aligned
with the grid (right). Black solid squares are the nodes where the Dirichlet BCs are enforced.

4.2.1 Dirichlet boundary conditions

The Dirichlet boundary I3, is most of the case stationary. If I3, aligns with the grid, see Fig. 37a, it is straightforward to
enforce BCs since the weighting functions satisfy the Kronecker delta property, at least at the boundaries (e.g., B-splines,
GIMP). For explicit MPMs, basically one overwrites the calculated grid velocities (v!,, f)ﬁ'm and vl?}"At) with the prescribed
values (v), for nodes I on I}, (solid black nodes in Fig. 37). For implicit MPMs, methods used in the FEM can be directly

used [Hughes, 2000].

When the Dirichlet boundary is inclined, see Fig. 37b, different options exist. The easiest option is to adopt an unstructured
grid that conforms to the Dirichlet boundary as done by geo-technical engineers, see e.g., Wieckowski [2004]. If a Cartesian
grid is being used, and for dynamics problems, the BCs can be enforced using rigid particles as discussed in Section 5.1.5.
For implicit MPM (implicit dynamics and quasi-static), it is much harder and there are some solutions [Remmerswaal, 2017,
Cortis et al., 2018, Bing et al., 2019, Liu and Sun, 2019]. Bing et al. [2019] presented a B-spline representation of 2D
boundaries in the MPM.

Remark 30 Note that there exists problems where I, is in motion. For example, in the field of geo-technical engineering, a
zero pore pressure condition is applied on a moving soil surface. For free surface flows, one also needs to apply a pressure
boundary condition (i.e., fluid pressure equals air pressure). It is, therefore, necessary to locate accurately a moving boundary.
Remmerswaal [2017] studied many techniques commonly used in fluid mechanics such as VOF (Volume of Fluid), SMM
(Surface Marker Method) and LSM (Level Set Method).

4.2.2 Neumann boundary conditions

Let us recall how the external force due to a traction is computed in the FEM. For simplicity, let’s consider a 2D case. The
Neumann boundary I3 is discretized by a set of 1D elements (they are actually the edges of the solid elements). The nodal
force vector is then given by

1
< = i Nptdln = f_ 1 Ny (§)tJdg 4.2)

~
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As an explicit representation of I} is lacking, and there is no nodes on it as well, the MPM way of computing the force is as
follows

np np

5= > mppr ) (xp)h ™ = > Apr (xp)t(xp) (4.3)
where A, represents the area of particle p. And the sum is over only boundary particles, see Fig. 38. The particle area can be
updated using Nanson’s formula, see e.g., Belytschko et al. [2000].
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Figure 38: Computation of external force due to a surface traction in the MPM. The traction is applied to the so-called
boundary particles.

4.2.3 Neumann boundary conditions with CPDI

In this section computation of surface tractions is presented using procedures extensively used in the FEM. We illustrate the
procedure with an example of a cylinder subjected to an inner pressure in Fig. 39. For simplicity the discussion is confined to
two dimensions.
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Figure 39: Computation of surface traction in CPDI-MPM. A cylinder subjects to inner pressure (left) and CPDI-MPM
(right).

Let us consider the case in which a portion of the traction is applied on edge 1 of a particle domain — edge connecting
nodes 1 and 2 — as shown in Fig. 39. The external force is thus given by

= | NptdI’
I;
4 1[4 (4.4)
- /1.. (Z M (&, —1)Ny (XC)) tdrr = / . (Z M. (&, —1)Ny (Xc)) EJdE
" \e=1 — \c=1

where in the second equality the idea of CPDI of approximating Ny was used; J is the Jacobian of the transformation that

reads
T =¥l = %433 = 53+ =0 (4.5)
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Figure 40: Moving displacement boundary condition: a ring being smashed by a rigid platen (a) and rigid body to model the
platen (b). Dark red squares represent nodes which are assigned the moving velocities (if the hat functions are used).

which is constant and / is the length of edge 1. Furthermore, we assume that the traction is uniform over the particle edges.
Thus Equation (4.4) becomes

1
=y ( /_ M —1)dg) N1 (x0)E] = Ny (x)t] + Na(xo)t] (4.6)

c=1

4.2.4 Rigid bodies

Rigid bodies are used to model moving displacement boundary conditions as shown in Fig. 40. Rigid bodies are also
represented by particles as deformable solids. However, there are some simplifications. Indeed, material properties are not
required since these regions will not deform; their purpose is only to impose boundary conditions on deformable regions.

The positions and velocities of the rigid particles are simply given by (performed after updating the deformable particles)

igid,t 4+ At
V;gl tar _y

- - 4.7)
rigid,t + At rigid,?
Xp =X, + Atvyg

The velocities of the rigid particles are transferred to the normal particles as follows. First, the elements which contain
the rigid particles are determined. Second, all the nodes of these elements are marked (Fig. 40). These nodes are assigned
the velocities of the rigid particles in case of a no slip contact between the rigid body and the deformable one. For frictional
contacts, see Section 5.1.5. For implementation, we present the MUSL algorithm when rigid particles are present in Algo-
rithm 4. It is worthy noting that this algorithm is simply a special case of multi-material contact algorithm of Bardenhagen
et al. [2000].
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Algorithm 4 Solution procedure of explicit MPM using MUSL with rigid bodies.

1: whilez <7y do _
2:  Reset grid quantities: m’, = 0, (mv), = 0,7 = 0,£/*' =0
3 Mapping from deformable particles to nodes (P2G)

4: end

5. Update the momenta (mv);" 4" = (mv)} + f At
6

7

8

9

Fix Dirichlet nodes I: 7 e.g., (mv)} = 0 and (m¥);"4" =0

Fix Dirichlet nodes IT: J e.g., v/, = v and ¥;t4" = v,
Update deformable particle velocities and grid velocities (double mapping)

Get nodal velocities ¥/ T4/ = (mv); 4 /m}

10: Update particle positions x,™4" = x! + Ar Y, ¢y (x!,)v;
11: Update particle velocities v,t4" = o/(v), + >, ¢y (x0) [Vi4 = vi]) + (1 — o) 32, ¢y (xL) ¥4+
12: Update grid velocities (mv;)'t4" = Y~ ¢y (X;)(mv);+A’
13: Fix Dirichlet nodes I: (mv),™4! = 0

14: Fix Dirichlet nodes II: v/;"%" = v,

15: end

16: Update deformable particles (G2P)

17: end

18: Update rigid particles (G2P)

o, RUHFAL gt

20: end

21: end while

4.3 Implementation of CPDI

We therein only present the implementation of only CPDI-Q4 as once you know how to implement CPDI-Q4, the implemen-
tation of the other variants is straightforward. The algorithm to compute the CPDI shape functions and derivatives for a given
particle is given in Algorithm 5 and Fig. 41. One extra step, compared to all other MPM variants, is to update the particle
domain vectors (for CPDI-R4) or particle corners (for CPDI-Q4). This is done at the end of every time step.

Figure 41: Particle and node interaction in CPDI-Q4: white solid circles are those nodes with non-zero shape functions at the
particle i.e., ¢y, # 0, green solid circles are those do not interact with particle p. Corners of the particle domain are denoted

by squares. Shaded elements are those contain the particle corners.

Algorithm 5 Algorithm to evaluate CPDI shape functions/derivatives.

Compute the four function weights wcf ;

Compute the four gradient weights w§ ;

For each corner, determine which element contains it;

Get the nodes of the four elements, /, that contain the four corners;
For each node of those, loop over the corner and compute Ny (X.);
Use Equations (3.36) and (3.37) to compute ¢; and V¢;.

AN AN o o
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4.4 MPM using an unstructured grid

Although very computationally intensive, MPM formulations adopting an unstructured background grid is popular in the
geo-technical engineering community [Wieckowski et al., 1999, Wieckowski, 2004, Beuth et al., 2011, Jassim et al., 2013].
One advantage is the ease with which boundary conditions can be enforced. Note, however, that this is only the case for fixed
boundaries. Another motivation of adopting unstructured grids is to handle complex geometries (e.g., multiple soil layers).
Herein we discuss aspects that are specific to MPM using unstructured meshes. First, shape functions of the MPM using
unstructured grids, dubbed uMPM, are discussed in Section 4.4.1. Second, the problem of particle registration to the grid
is treated in Section 4.4.2. Finally, mixed integration, as a means to reduce cell-crossing error in the quasi-static uMPM, is
given in Section 4.4.3. A more efficient uMPM with C! shape functions is given in Section 4.4.4.

4.4.1 Shape functions

Since it is obvious that developing GIMP (and CPDI) and B-splines for an unstructured mesh is difficult, uMPM simply
employs the well-known isoparametric finite elements in which the shape functions are written in terms of the so-called
natural coordinates. Thus, there is a need to convert the particle position (in global coordinates) to the natural coordinates.
For illustration, consider a grid made of four-node quadrilateral (Q4) elements. By employing the isoparametric concept one
writes

4 4
x=Y NiE x5, y=> NiEny; (4.8)
I=1 I=1

where (x7, y{) denote the nodal coordinates of element e that contains the particle (x, y) under consideration; Ny (§, ) are
the Q4 shape functions.
One solves Equation (4.8) by using the iterative Newton-Raphson method:

ONy e ONp e
— x; —| x
85 éo 1 877 10 1 |:A%'j| _ |:x — N[ (So, no)x;] (4 9)
NI Ve N .| [4n y — N1 (€0, m0)y§ '
€ & ! an Ino I

which provides A&, An and the solution is updated & = &y + A&, n = no + An. The iteration continues until convergence is
attained. The initial value for (§g, 179) are usually (0, 0) i.e., the iterative procedure starts from the center of the element.

4.4.2 Particle registration

Particle registration is required to perform the particle-to-node and node-to-particle mapping. For example, to calculate the
nodal mass m? = Zp o1 (xﬁ,)m p» one needs to know which particle p contributes to which nodes /. While this step is
fast and efficient when a Cartesian grid is used, the registration of particles to the grid in uMPM is inefficient as the grid is
unstructured. The problem is how to quickly locate an element that contains a given particle. Just a few works discussed this
problem. In Wang et al. [2005] a ray-crossing algorithm is employed to determine whether the material points are inside or
outside of arbitrary quadrilateral cells. An in-depth analysis of this problem was given in the master thesis [Pruijn, 2016].

4.4.3 Mixed integration

In the uMPM, the standard particle-based quadrature of the MPM is adopted for dynamics problems but each element is filled
with many elements e.g., 10 material points per one single linear tetrahedral [Al-Kafaji, 2013]. For quasi-static problems,
a mixed integration is adopted [Beuth et al., 2011]. In this mixed integration scheme, Gaussian integration is applied to
all elements that are fully filled with material, whereas material point based integration is only adopted for partially filled
elements. Elements (cells) in the interior of a body are assumed to be fully filled. Conversely, partially filled elements are
assumed to occur only along the boundary of a body. Precisely, an element located on the boundary of the body is considered
to be partially filled when the volume sum of all particles inside this element is less than a prescribed percentage of the
element volume.
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4.44 uMPM with C! shape functions

We think that the mixed integration is not an elegant solution to cell-crossing issue. Recently, de Koster et al. [2019] developed
C! basis functions over unstructured grids using Powell-Sabin functions [Powell and Sabin, 1977, May et al., 2016]. While
this constitutes a C' uMPM formulation which is free of cell-crossing problem similar to BSMPM (MPM with a Cartesian
grid and B-splines as weighting functions), evaluation of the Powell-Sabin functions seems complex and to the best knowledge
of the authors, no work on 3D extension has been reported.

To close this discussion on the uMPM, we anticipate that a total Lagrangian uMPM would be the most efficient uMPM
as the shape functions and its derivatives and the particle registration need only be calculated once for all.

4.5 Visualization

In the FEM, visualization is typically performed on the mesh. Information stored at the integration points are extrapolated
to the nodes to this end. Additionally some averaging are carried out to obtain smooth fields as each node is connected to a
number of elements. In MPM, the computational grid is fixed and thus not suitable for visualization. There are at least three
approaches to visualizing MPM results [Childs et al., 2012]

o Particle visualization: the particles are visualized directly as spheres/circles (3D/2D). Particle data (position, stresses
etc.) are written to files and can be processed by Paraview or VisIt or Ovito!l.

o Particle mesh visualization: in standard MPM, one can generate a mesh from the particle positions using a Delaunay
triangulation and use this mesh for visualization. In this way, available visualization technologies developed for the
FEM can be reused. Note that this method is expensive since the particles positions are evolving in time. And then
visualization can be done with Paraview or VisIt.

e Voxel-based visualization: each particle is assigned with a domain so that the particles are alike to pixels/voxels of
digital images [Andersen and Andersen, 2010b, Choudhury et al., 2010]. This visualization technique is best suited
for CPDI formulation.

Fig. 42 illustrates particle based and mesh-based visualization. For particle-based visualization, Ovito [Stukowski, 2009] is
a very good tool as it is a scientific visualization and analysis software for atomistic and particle simulation data.
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Figure 42: CPDI and MPM/GIMP visualization of MPM data.

Andersen and Andersen [2010a], Dunatunga and Kamrin [2015] showed that although the stress field at the individual
material points may show a noisy variation, a smooth physically realistic stress field can be extracted by a mass-weighted
mapping via the computational grid:

1
o= (%: b1 (Xp)‘fpmp)

o =) b1 (xp)os
1

(4.10)

We refer to Section 5.3.1 and Section 6.1.4 for illustrations of noisy particle results. It is interesting to note that Andersen
and Andersen [2010a] realized that attempt to utilize these more realistic stresses a;m""th directly in the computational MPM
scheme has been unsuccessful. But it might be the motivation for Zhang et al. [2011] to have proposed the dual domain
MPM.

Uhttp://www.paraview.org, https://wci.1llnl.gov/codes/visit/, https://www.ovito.org.

65


http://www.paraview.org
https://wci.llnl.gov/codes/visit/
https://www.ovito.org

4.6 Karamelo,a 3D MPM code

Computational mechanics researchers constantly face the trade-off between rapid prototyping and good software engineering.
The former allows researchers to code quickly (so as to try different ideas and rapid publication of the work) but inevitably
leads to issues such as unsatisfactory performance, poor portability and maintainability. The latter results in reusable codes
for future projects, but slows down the research progress due to low-level engineering. Open source MPM codes belong to
the former category can be found for example in Sinaie et al. [2017] who presented a Julia implementation and at https:
//csmbrannon.net/2018/11/09/matlab-and-mms-source-files/ for a Matlab code. Open source MPM codes belong
to the latter are presented in Section 1.4.2.

There exist a few works describing MPM implementations. For example, Parker [2002] developed a parallel MPM code
using Message Passing Interface (MPI) with excellent scalability of more than 1000 processors as demonstrated in Parker
et al. [2006] for simulations having about 16 million particles. Huang et al. [2008] described a parallel MPM using OpenMP
for shared memory machines and Li and Sulsky [2000] presented a 3D parallel Fortran MPM code using MPI. Ma et al.
[2010] described an object-oriented C++ implementation of MPM. Most recently Dong and Grabe [2018] presented a GPU
implementation. Amongst all the open-source MPM codes, Uintah developed by Parker [2002] is probably the most efficient
one to date. Unfortunately, this large code is difficult to understand and modify.

Therefore, there was a need to develop a portable, efficient, and easy to modify code that can be used in either 1D, 2D or
3D. In order to achieve this goal, a new code called Karamelo was developed in-house. The structure of this code is based on
that of the popular molecular dynamics simulator LAMMPS [Plimpton, 1995]. LAMMPS is a highly parallel simulator that
can be used on multi-CPU machines that support MPI, and also on GPUs (Graphic Processing Units). Moreover, through
its ingenious hierarchical class system, it is easy to add new functionalities in LAMMPS. This is illustrated by the fact
that although LAMMPS is a molecular dynamics code, modules for particle based methods such as SPH and peridynamics
(see e.g., Silling [2000]) have been added to it [Ganzenmiiller, 2014]. Because of the use of a background grid, it would be
difficult to directly implement the MPM in LAMMPS, this is why it was decided to create a new code that uses LAMMPS’s
hierarchical class system, but adapted to the requirements of the MPM. Karamelo was born.

This section presents a short description of Karamelo. This code uses a number of libraries given in Section 4.6.1. Input
file format and outputs are described in Section 4.6.2. MPI parallelization is treated in Section 4.6.3. Current functionalities
are outlined in Section 4.6.4 and how to add new stuff is discussed in Section 4.6.5. For more details on this package, we
refer to de Vaucorbeil and Nguyen [2020].

4.6.1 Dependencies

For all linear algebra operations (and we use many), the library Eigen (http://eigen.tuxfamily.org) is used. For plotting
using the Python library matplotlib, the library matplotlib-cpp (https://github.com/lava/matplotlib-cpp) is
used. It is a library to invoke matplotlib from C++. By snowball effect, the code is then also depending on Python 2.7.
Finally, gzstream is used to compress the LAMMPS dump files.

4.6.2 Input file format and outputs

Interacting with Karamelo is performed through input files using an easy and flexible syntax. One can for example intuitively
add new variables that can be constant:

E =211

or depend on internal variables such as time — using the time variables — or particle positions — using the x, y or z variables:

T =1

T = sqrt (x*xx+y*y)
theta = atan2(y,x)

g = sin(PI*time/T)

Everything else is controlled through functions. For instance, the global dimensionality of the simulation is set by the
dimension(. . .) command:

dimension(2) # Sets the dimensionality to 2D

The evolution of the simulations (material points and grid nodes’ position and properties) can be visualized either
with Ovito or be plotted directly with PyPlot package [Johnson, 2012]. Ovito reads a series of LAMMPS dump files
(dump_p.*.LAMMPS and dump_g.*.LAMMPS) created as follows:
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dump (dumpO1, all, particle, N_dump, dump_p.*.LAMMPS)
dump (dump02, all, grid, N_dump, dump_g.*.LAMMPS)

where N_dump is the step interval at which the output is written. Whereas
dump (dump03, all, pyplot, N_dump, plot.*.pdf, 640, 480)

plots every N_dump steps the grid nodes’ and particles’ positions as well as their domains (if using GIMP or CPDI) and saves
it as a pdf (plot.*.pdf).

4.6.3 Parallelization using MPI

Similarly to LAMMPS, Karamelo supports multi-CPU compatitions through the use of MPI. As of today, though it does
not support GPUs yet. In Karamelo, the total domain defined by the span of the background grid is equally split amongst
the different CPU used (see Fig. 43). The connection between the different sub-domains is performed by the means of ghost
nodes. The use of ghost nodes was preferred to that of ghost particles since Ruggirello and Schumacher [2014] observed that
the later is superior over the former for scaling to large-scale problems. Therefore the nodes making of all the boundary mesh
cells are shared amongst multiple CPUs (Fig. 43). First, the interaction between these nodes and the local particles (i.e., the
particles present in the domain allocated to the current CPU) are first calculated. The results are then reduced over all the
CPUs sharing the same nodes. In one time step, reduction is done once after calculating the nodes’ mass, and every time
their forces and velocities are computed. In the case of CPDI, however, as the domain of a given particle can overlap multiple
CPUs, both ghost nodes and ghost particle’s approach is used.
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Figure 43: Illustration of the mapping from particles to node order for nodes that are shared amongst different CPUs. 1:
mapping is done locally, 2: the mass, or forces and velocities are reduced. The CPU that on which resides the real node is the
one that manages the reduction.

4.6.4 Functionalities

Karamelo is a young code (born on January 2019), but it already supports the TLMPM (with hat functions, cubic B-splines
and quadratic Bernstein functions) and the ULMPM (hat functions, CPDI, cubic B-splines). Only explicit time integration
is coded. The code can be used to model solids (elastic, hyperelastic and elasto-damage-plastic) and weakly compressible
fluids/gases.
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4.6.5 Extending Karamelo

As Karamelo uses the same pyramidal class system as LAMMPS, adding new functionalities is an easy task. Indeed, in
order to do so, one only needs to add a new class — through the addition of a header (*.h) and a source file (*.cpp) — that can
be easily derived from existing classes. For instance adding total Lagrangian CPDI can be done by copying ulcpdi.cpp
and ulcpdi.h to tlcpdi.cpp and tlcpdi.h, respectively, changing the class name — i.e., from ULCPDI to TLCPDI — and
changing a few line to only compute the shape functions in the first time step.

5 Advanced topics

Up to this point, a basic MPM formulation for solid mechanics and its implementation has been presented. While this
is sufficient for simulating various interesting problems in solid mechanics, topics such as frictional contacts, fluids and
gases, volumetric locking, adaptivity and improved MPM variants were not discussed. This section is devoted to such topics.
Section 5.1 presents the most widely used contact algorithm of Bardenhagen et al. [2000]. Volumetric locking is discussed in
Section 5.2. Section 5.3 provides a coupled thermo-mechanical MPM. How fluids and gases can be treated using the MPM
is discussed in Section 5.4. Improved higher order MPM formulations are given in Section 5.5. And Section 5.6 is devoted to
the topic of grid adaptive refinement and particle splitting/merging.

5.1 Contacts

This section presents the contact algorithm of Bardenhagen et al. [2000] for deformable bodies. The case of contact between
deformable bodies and rigid bodies will be treated subsequently as simplification. This contact algorithm might be viewed as
a predictor-corrector scheme, in which the (trial) nodal velocities are predicted from the solution of each body separately (as
if no contact occurred) and then corrected using a contact model. The contact algorithm applies only for contact nodes which
are defined as those who receive contribution from particles of more than one body, cf. Fig. 44. For simplicity, the discussion
is confined to contacts between different bodies, self-contact requires a special treatment and is discussed in Homel and
Herbold [2017].
For each body k = 1,2, ...n where n denotes the number of bodies, one solves the standard MPM problem

e e
p 1 P
t,(k) t,(k)
mp - = Z brpmp, Vi = .00 Z¢Ipmpvp
p=1 My p=1
k) 5.1
a9,(16) _ fg -1
it ®

V;+At’(k) _ V;,(k) + Alatl’(k)

where n},k) denotes the number of particles making up body k. Note that the tilded velocity field is not final and needs to

be corrected for contact nodes. The corrected velocity VtI+At’(k) (without a tilde) will be used for updating particle’s stress,
position and velocity.

The next step after getting fftI+At’(k) is to detect, at contact nodes, whether two bodies are approaching or departing each
other. In what follows the presentation is restricted to two bodies for sake of simplicity. The algorithm is general and can
be applied to multiple bodies though. Bardenhagen et al. [2000] proposed an algorithm which is linear in the number of

bodies'?:

~t+At,(k) Cm) (k) _ }= 0 contact
A -V ‘n; = 52
( d I 1 {< 0 release (52)

where v{™ is the so-called center of mass velocity field which is given by

_ (ml‘h)t+At,(1) + (mIvI)H_At’(z)

VCl’l’l
£,(1) £,(2)
my + my

1

(5.3)

12 Actually York, in his PhD dissertation York [1997], proposed to use center-of-mass velocities.
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Figure 44: Two bodies come into contact. Contact or overlapped nodes (black solid square) are those who receive contribution
from particles of both bodies.

which is the velocity obtained from the contribution of the particles of the two bodies. One can refer to this velocity as the
system velocity field. The key to the algorithm is not to consider pairwise interactions of bodies, but rather use a common
frame (global quantities) so that contact of all bodies can be achieved at once.

If Equation (5.2) determines that the two bodies are approaching together, then one needs to correct the velocities
\7§+At’(k) to get the final one V3+Al’(k). Otherwise they are kept unchanged. How to correct the grid velocities depends on the
contact model (to be discussed in Section 5.1.1 for the case of non-slip contact and in Section 5.1.2 for the case of Coulomb

frictional contact). Finally, the particle velocity, position and stresses are updated using the following equations

t+At, (k) t,(k)
t+A4,(k) _ VI —Vi

At
n )
+At,(k
X;+At’(k) = x;;(k) + At Z ¢1 (X;J)VII Ho
p=1

nto

P
,(k
v;fAt’(k) = pr’(k) + At Z ¢1 (X;)atl( :
p=1

5.4

where the first equation is to compute the corrected accelerations (only needed for contact nodes). Note that stress update
was skipped as it is standard. The above discussion corresponds to the USL formulation.

5.1.1 Contact without friction

The contact-release algorithm applied for a contact node 7 is quite simple. If contact is occurring, the nodal velocity is
corrected so that the normal component of the body velocity is set equal to the normal component of the center-of-mass
velocity. Otherwise, the two bodies move in their own velocities. Mathematically, one writes

L+ A0 {V;+At’(k) _ I:(VZI—FAI,(/C) _ V([:m) _ngk)] ngk) contact
A% ’ =
I

~t+At, (k) (5.5
Vi

release
If there is no friction between the bodies, then the above adjustment of the normal component of the body velocity, Equa-
tion (5.5), is all that is required for contact treatment. The tangential component of the body velocity is unconstrained.

Remark 31 The fact that the normal component of the body velocity is equal to the normal component of the center-of-mass
velocity can be proved as:

V,[+Az,(k) 'ngk) _ i«,tl-i-Al,(k) _ngk) _ {I:(i;l‘l-i-At,(k) _ V;m) -ngk)] ngk)} .ngk)

_ €,§+At,(k) .ngk) _ (V;—f-At,(k) _ vj,’") _ngk)

+v{"-n;’ =v{"-n

~t+At, (k) (k) ~t+At (k) (k) k) (k)
M "Ny =y Ny T T

The fact that the tangential component of the corrected entity velocity is the same as the tangential component before the
correction can be proved as:
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5.1.2 Contact with Coulomb friction

In the case of frictional sliding, one needs to modify the tangential component of the grid velocity. To apply Coulomb
friction, first calculate the force necessary to cause the bodies to stick completely. This force can be determined from the

relative tangential velocity: ( ALk vgm) — [(V?At’(k) — V;m) ~n§k)} ngk) = ngk) [(fft;rm’(k) — v}m) X ng )] This

allows us to compute the stick force and then the Coulomb friction force. From that, the corrected velocity field is given by
[Bardenhagen et al., 2001, Coetzee, 2003]

V§+At,(k) _ ;,;+At,(k) _ [Av-ngk)] ( ®) 4 wn! (ON ) (5.6)
where
(k) k)
Ay e FHALE) em 4] HAVX" |
Vi=V; -V, @ = PG po=min | p, S 5.7
‘AV x n} Av-ny
For 2D problems, Equation (5.6) is explicitly given as
t+At, (k) ~t+At k) (k) (k) k) *)
Uyt _ Uyt _D Ny1 i ,u/ (Avxn Avy ) (5.8)
ALK SiALK) 2 ® I1Cl| (k)(Avxn(k) Avyn®) .

b2 yI yI

with ©’ = min(w, ||C|| /D), D = Av; -ngk). This equation is obviously reduced to Equation (5.5) for a frictionless contact
if u =0and D > 0since u' = 0.

5.1.3 Calculation of normal vector

The normal vector at grid nodes for each body is needed to complete the contact algorithm. Calculation of the normal vector
ngk) is crucial to obtaining accurate results [Lemiale et al., 2010, Nairn, 2007b].

The usual practice for finding the normal is to handle each body separately with relation to the system velocities. Thus, the
normal is found from the mass gradient of the material under consideration. For each entity, the particle mass is interpolated
to the element centers, X and divided by the element volume V,, to obtain a density p.. The gradient of p. evaluated at the
grid nodes provides the normal direction at the surface of each body [Sulsky and Brackbill, 1991, York, 1997, Bardenhagen
et al., 2000].

The cell-centered density is defined by

np
1
Pc = 7 Z mpSZ(Xp — Xc) (5.9

¢ =1

where S? are bi-quadratic B-spline functions. In two dimensions, they are defined by S? = S*(x)S”(y) where the one-
dimensional quadratic B-spline function is given by

1 4 3 9 3 << 1
_x —_— _’ x [ —
2h2 2hy 8 h 2hy
1 2,3 3 1 - 1
S¥(x) = h2 4’ 2h = T 2hy (5.10)
| 3 n 9 1 - 3
— X —x+ -, — <x<_—
2h§ 2hy 8  2hy 2hy
0, otherwise

where /i, denotes the cell spacing in the x direction. Fig. 45 depicts some quadratic B-splines on a one-dimensional mesh.
As can be seen, each particle contributes to three cells—the one it locates and the two neighbor cells. In 2D, each particle
contributes to 9 cells and to 27 cells in 3D.
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Figure 46: Computation of grid normal using Equation (5.11).

The grid normal vector is then given by

ny
|||

n; =) Vér(xc)pe, mny= (5.11)

where V¢; denotes the gradient of the MPM weighting functions. Note that the sum is performed on the cells that have the
node under consideration in their connectivity, cf. Fig. 46. This way of computing the normals is similar to SPH [Randles
and Libersky, 1996].

Example on calculation of grid normals. Let us consider a circular disk which is represented by particles and a background
grid. We are going to use Equations (5.9) and (5.11) to compute the normal vectors at boundary grid nodes. First, the density
at the cell centers are computed using Equation (5.9). Next, we identify boundary elements which are those cut by the circle
and are not empty. Finally, we loop over the boundary elements and their nodes and use Equation (5.11) to compute the grid
normals. Fig. 47 shows the result.

Remark 32 Recent works adopts a simpler method to compute the normals [Lemiale et al., 2010, Huang et al., 2011, Homel
and Herbold, 2017]. In this method, the normals are simply calculated from the gradient of the particle mass:

|Inz]]

n; =) Vér(xpm, ng (5.12)
V4

There is no need to define the cell-centered density. We have tested the both ways, Equations (5.11) and (5.12) and found that
they provide identical normals.
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Figure 47: An example of normal vectors (red lines) defined at boundary nodes for a circular disk (a). The disk is represented
by unconnected points or particles (black dots). Cyan squares are the boundary elements which are defined as those cut by
the circle. Also shown are unneeded grid normals. Violation of collinearity of normal vectors in the MPM (b). This results
in non-conversation of momentum [Bardenhagen et al., 2001]. This occurred because contacting is not handled at the true
contact point but rather at the grid nodes which do not locate on neither body.

5.1.4 Algorithm

The previously presented contact algorithm can be incorporated into the standard MPM algorithm quite straightforwardly.
Algorithm 6 is the algorithm for non-friction contact described in Section 5.1.1. One just need to modify line 21 for Coulomb
friction. Even though the USF is shown, modification for USL is easy. One modification to the standard MPM code is that
each grid node now contains the body velocity, mass and the system mass and velocity.
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Algorithm 6 Solution procedure of an explicit contact MPM (USF).

1: Solve momentum equations for body b

2 Mapping from particles to nodes

3 Compute nodal mass m?’(b) =2, ¢1(x,)m,

4 Compute nodal momentum (mv);’(b) = >, ¢1(x})(mv);,

5: Compute body nodal velocities V;’(b) = (mv)tl’b / m;’(b)

6 Compute gradient velocity L;, = >, V¢ (Xp)vtl’(b)

7 Compute gradient deformation tensor Fj, = (I + L Ar)F},

8 Update volume V, = detF., V)

9 Update stresses 0, = 0!, + Ag,
10: Compute external force f‘;’“’t’(b), internal force £ = Sl VietVer(xh)
11: Compute nodal force £ = 0?4 gner-()
12: end
13: Update the body momenta (mv)TLAt’(b) = (mv);’b + f‘,’(b)At
14: Update the system momenta (mv);+4" = (mv):t4! + (mV);JrAt’b
15: Update the system mass m} = m} + m?’(b)

16: end

17: Correct velocity for contact nodes
18: for contact node / of body b do

19: Compute normal to b, ngb)

20: Retrieve center of mass velocity vi™ = (mv);+4" /m!,

21: Check contact or release o« = <V§+At’b — Vﬁm) . nﬁb)

22: Ifa>0: V§+At’(b) = V?Lm’b — [ VTLA”(b) — Vi) - ngb)] ngb)
23: If o < 0: keep V;+At’(b)

24: Compute nodal acceleration atI+At’(b) =(1/ At)(VTLAt’(b) — V;’(b))
25: end for

26: end

27: Update particle positions and velocities

28: Update particle velocities V;+At’b = V;’b + AtY  ¢r (xp)a;JrAt’b
29: Update particle positions x;fm’b = x;;b + AtY  dr (Xp)V?—At’b
30: end

Remark 33 7o the best of our knowledge MUSL stress update has not yet been used with frictional contacts. We anticipate
that the reason for this is efficiency concerns. In the MUSL, one would need to do the contact treatment twice.

5.1.5 Contact between a deformable solid and a rigid wall

In this section, the general contact algorithm previously presented for deformable solids is specialized to the case of contact
between a solid and a rigid wall. Some examples are shown in Fig. 48. Unless for some particular cases when the rigid walls
are either horizontal or vertical and stationary, rigid walls are usually discretized by the so-called rigid particles, cf. Fig 49.
Let us denote the velocity of a rigid wall by v' which is apparently zero for stationary rigid walls. Since the rigid wall has an
infinite mass, the center-of-mass velocity defined in Equation (5.3) is actually v". Therefore, the contact algorithm previously
presented also applies with the following minor modifications: (1) the center-of-mass velocity is the velocity of the rigid wall
(which is most often zero), (2) rigid particles are skipped in all standard MPM operations. Actions on them are only two
things: define contact nodes and the normal vector. If the rigid bodies are moving with a constant velocity, then one needs to
update their positions.
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Figure 48: Contact between a deformable body and rigid walls: (a) moving ball impacting on a rigid wall and (b) silo
discharging problem.
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Figure 49: Rigid wall is represented by rigid particles.

5.1.6 Final remarks

The MPM can handle contacts quite efficiently as there is no need to find the contact surfaces and master/slave nodes
commonly used in the FEM. We have just presented the most basic algorithm. There are refinements such as how to improve
the normal vector calculation, see e.g., Lemiale et al. [2010], Nairn et al. [2018], and better contact detection criteria, see
Bardenhagen et al. [2001].

5.2 Volumetric locking

It is well known that overly stiff numerical solutions appear when Poisson’s ratio approaches 0.5 or when a plastic flow
is constrained by the volume conservation condition. This is known as volumetric locking. And this is more severe with
low order shape functions employed in the standard MPM. Various solutions to this problem have been proposed, all
borrowing methods developed for the FEM [Love and Sulsky, 2006a,b, Mast et al., 2012, Yang et al., 2018, Coombs et al.,
2018, Iaconeta et al., 2019]. In particular, Love and Sulsky [2006a], Mast et al. [2012] adopted the Hu—Washizu multi-field
variational principle which introduces independent approximations for the volumetric and the deviatoric components of the
strain and stress fields. On the other hand, a u — p mixed formulation was used in Iaconeta et al. [2019]. All these works
employ the standard MPM which is known for its poor accuracy due to, among others, cell-crossing issue. Coombs et al.
[2018] applied the F-bar method, developed for the FEM [de Souza Neto et al., 1996, Neto et al., 2005] to quasi-static MPM
and GIMP.

In what follows we present this simple F-bar technique. We firstly recall key ideas of the F-bar method in the FEM
and later adapt it to MPM. Note that this technique was implemented in the Uintah MPM code, where it is called pressure
stabilization, long before Coombs et al. [2018].

The isochoric/volumetric split of the deformation gradient is defined as

F = FisoFvol (513)
where the isochoric and volumetric parts are given by

F

_ _ 1/3
= Fyo = (det F)'/31 (5.14)

iso
Note that det Fj,, = [(det F)~1/3]3det F = 1, thus justify its name.
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In the F-bar method, one defines the following modified gradient deformation tensor [Neto et al., 2005]

_ det Fo\ /3
F= F (5.15)

det F

where Fy is the gradient deformation tensor evaluated at the centroid of the finite element. It can be shown that the iso-
choric/volumetric parts of the modified deformation tensor are given by

Fio = (det F)™1/3F = Fi,

- (5.16)
Fvol = (det F0)1/31 = FO,vol
i.e. the isochoric component of F coincides with the current (integration point) isochoric deformation gradient while its
volumetric part corresponds to the dilatation at the centroid of the element. Now, in order to compute the stresses at a particular
integration point one uses the modified gradient deformation tensor rather than the original one. For nearly incompressible
materials, the pressure variable is often decoupled from the stress and hence the pressure is a function of det F and thus
constant within a cell using the F-bar method.
In the MPM, the deformation gradient at the element centroid is replaced by the cell-centered or cell-averaged deformation
gradient computed according to

Vot _ Zp mp/nglﬁ

detFi, = J} = % =
0 0 VOO mep/:og

(5.17)

i.e., det Fy is defined as the ratio of the cell-centered current volume and the cell-centered initial volume. In the above
equation, the sum is over all particles in the cell at hand, cf. Fig. 50. For implementation, the procedure is presented in
Algorithm 7. We refer to a related work [Moutsanidis et al., 2019b] on this topic.

Vo = Z M/ Py
p

V= Y malol)

Figure 50: F-bar method applied for the material point method.

Algorithm 7 Algorithm for F-bar in an explicit MPM code.

1: for p=1:np do
2: Compute/retrieve the particle deformation gradient and J, = det F,
3: Get index of cell contains p, named ¢
4: cellVolO(c) = cellVolO(c) + (m,/pp)
5: cellVol(c) = cellVol(c) + (mp/pp)Jp
6: end for
7: Compute the centered gradient deformation determinant cellJ = cellVol /cellVol0
8: for p=1:np do
9: Retrieve the particle deformation gradient and J, = det F),
10: Get index of cell contains p, named ¢
11: Retrieve the cell-centered JO = cellJ(c)
12: Compute modified gradient deformation F, = (J0/J,)/?F,
13: end for
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5.3 Thermo-mechanical problems

Thermo-mechanical problems arise in several engineering applications, particularly manufacturing processes (e.g., welding
processes, machining processes and hot/warm metal forming processes). In a thermo-mechanical problem, the unknowns
are the deformation field (displacement/velocity) and the temperature field. The latter modifies the former via temperature-
dependent constitutive models and the deformation affects the temperature via plastic work dissipated as heat.

This section presents a simple thermo-mechanical MPM formulation. First, the thermal problem is discussed in Sec-
tion 5.3.1, then the coupled thermo-mechanical algorithm is given in Section 5.3.2 where the explicit MPM formulation
treated in Section 2.5.2 is slightly modified to incorporate the temperature. For details, we refer to Nairn and Guilkey [2015],
Tao et al. [2016].

5.3.1 Thermal problem

Our derivation of the MPM equation for the thermal problem is to adopt the FEM equation and use the material points as

quadrature points. To get the FEM semi-discrete equation, we follow the standard procedure of going from the strong form to

the weak form, followed by the introduction of the FE approximations of the trial and test functions. Details can be found in

Tao et al. [2016]. Note that this thermal MPM algorithm follows the mechanical MPM one. For rectilinear geometries, thanks

to the background Eulerian grid, a simple (and robust) finite difference method can be used, see e.g., Chen et al. [2008].
The partial differential equation for the thermal problem is the internal energy balance equation that reads

pcT +V-q=y* inQ (5.18)

where p and ¢ being the mass density and specific heat of the material, respectively and the heat source is represented by y*.
In the above equation, q is the heat flux which is given by the following Fourier’s law

q=—kVT (5.19)

where k is the thermal conductivity. A thermal conductivity tensor can be equally used.
From Equation (5.18), one can obtain the following semi-discrete equation

CryTy=0M+ 0%, I=12,....ny (5.20)

where
Cis = [ petrpsan. o= [ a-vorae. 05ti= [ ypaa— [ sqar (521)
Q 2 2 r,

where ¢* is the prescribed heat flux similar to the tractions in solid mechanics. These quantities are approximated as follows
in the spirit of the MPM

Crr =) mpcpdr(xp)$ (xp) (5.22)
p

QiIm = Z Vpdp - V1 (xp), QGI:Xt = Z VPV*¢I (Xp) (5.23)
P p

where we have omitted the external force due to g*, see Section 4.2.2 for its treatment.
Similar to the lumped mass matrix, the matrix Cyy is made diagonal and thus Equation (5.20) is simplified to

CiTr = O + 07, Cr =) mpcypr(xp) (5.24)
p
Again, in the same manner that the particle velocity is mapped to the grid nodes, one does the same thing for the temperature

1
T} = (C—;) > pr(x)(me), T} (5.25)
P
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The complete algorithm is given in Algorithm 8. Note that a forward Euler was adopted to advance Equation (5.24) in time.
Other time integration schemes can also be used. As can be seen, the algorithm adopts the MUSL scheme in which the
updated particle temperature is mapped back to the grid and this updated grid temperature is used to compute the heat flux
q. Without doing so would result in very bad results. Moreover, we enforce the Dirichlet BCs on the nodes, but it can be
enforced on the particles as done in Tao et al. [2016]. As this thermal MPM solver is meant to be coupled with a mechanical

MPM solver, we use X; instead of just X, as in thermal analysis the particles do not move.

Algorithm 8 Solution procedure of explicit thermo MPM.

1: whilez <y do
2: Mapping from particles to nodes (P2G)
3: Compute nodal mass C; = ¢1(X,)m,cp

4: Compute nodal temperature 7} = (%) >y b1 (x)myc, T,
I
5: Compute external force Q7" = > Vv or(xy)
6: Compute internal force Qilm’t =2, V- Voir(x})
ext,t int,?
7: Compute nodal force O} = 07" + 0}
8: end
9:

Update the temperature 7; 7% = T} + 0/ A1 /C!
10: Fix Dirichlet nodes / e.g., 7} = T* and T/ T4 = T*
11: Update particles (G2P)

12: Update particle temperature T3 T4 = T + ", ¢y (x}) [T} T4 - T}]
13: Update grid temperature T} 74! = (CL;) >, dr(xb)(me), Ti+a

14: Fix Dirichlet nodes 7} 74 = T*

15: Update flux 574" = —k Y°, Vs (x4)T{+4

16: end

17: Advance time r = 1 + At
18: end while

5.3.2 Coupled thermo-mechanical MPM

By combining the thermal algorithm given in Section 5.3.1 and the mechanical algorithm in Section 2.5.2, one can come up
with a simple coupled thermal-mechanical MPM formulation. In its most basic form, the two problems are solved on the
same background grid and the same time step are used. The resulting algorithm is shown in Algorithm 9.

To close the thermal-mechanical MPM one needs a temperature-dependent constitutive model. For simplicity, we consider
a thermo-elastic material model in which the stress is given by

6 = (Are) +2ue, € =e—el, &l = A%(T’“‘f —THI (5.26)

where « is the coefficient of thermal expansion. The algorithm applies to other thermal-elasto-plastic materials.

77



Algorithm 9 Solution procedure of explicit thermo-mechanical MPM.

1: Initialization

2 Set up the Cartesian grid set timez = 0

3 Set up particle data: X ,0° 9. Fg, VPO,

4: end

5: whiler <ty do

6 Mapping from particles to nodes (P2G)

7 Mechanical fields

8 Compute nodal mass mj = 3 ¢y (x,)m,
9

Compute nodal momentum (mv); = > ¢r(x},)(mv);

: P
10: Compute external force £ = )" » &1 (xp)mpb(x,)

11: Compute internal force ;"' = — > 5 V0, Vor(x))

12: Compute nodal force f;, = £ 4 £,

13: end

14: Thermal field

15: Compute nodal mass C; =} ¢1(X;)mycp

16: Compute nodal temperature 7} = (Ci;) >, P1(x)mpe, T,

17: Compute external force Q™' = > Vv er(xy,)

18: Compute internal force Q"' = > 5 Vody, - Vor(x))

19: Compute nodal force Q) = Q5 + Q"'

20: end

21: end

22:  Update the momenta (m¥v), T4 = (mv)} + f; At

23:  Update the temperature T’+At =T} + QIAZ/C’

24: Fix mechanical Dirichlet nodes I eg., (mv), = 0and (mv);™4" =0
25: Fix thermal Dirichlet nodes / e.g., 7} = T* and T/ T4 = T*

26: Update particle velocities and grid velocmes (double mapping)

27: Get nodal velocities ¥/ 74" = (m¥), ™4 /m},

28: Update particle Veloc1tles VEFAL = (V4 3 dr () [ViP Y —vi]) 4+ (1 —a) X2 dr () vt
29: Update grid velocities (mVI)’ tAL =W o b1 (Xp)(mV);+At

30: Fix Dirichlet nodes (mv)] TAL =)

31: Update particle temperature T3 T4 = T} + ", ¢y (x}) [T{+4 — 1]
32: Update grid temperature T} 74! = (CL;) >, dr(xb) (me), Ti+a
33: Fix Dirichlet nodes T} T4! = T*

34: end

35: Update particles (G2P)

36: Get nodal velocities v, ™4 = (mv) I+A’ /mb,

37: Update particle positions x,t4" = x! + Ar 3" ¢ (x})v] +At

38: Compute gradient velocity L;JFA’ Z 1 Vor(xh)v, {ar

39: Updated gradient deformation tensor FiF 4" = (I + LLT4! Ar)F?)
40: Update volume VT4 = det Ft4/V?

41: Update stresses 074" = 0! + Ag , (LA, TIT4)

42: Update flux q’+A’ =—k> ;Vér (XZ)TIHAt

43: end

44: Advance time r =1 + At
45: end while
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5.3.3 Verification tests

We present two simple tests for the verification of the thermal MPM algorithm. We refer to Tao et al. [2016] for coupled
thermal-mechanical tests.

One dimensional thermal test. Let consider a bar of length L. = 1, with p = ¢ = k = 1. The bar temperature is initially
set at 7o = 0 and the right extremity is heated up to 77 at time t = 0 and held fixed. Any set of consistent units suffice. The
exact solution for the temperature in the bar is given by Tao et al. [2016]

=D”
ni

o0
T (x,1) = To + (T1 — To)x + 2(Ty — To) ) _ exp(—[nn]?t) sin(nmx) (5.27)
n=1
The MPM solutions, with Tg = O and 7* = T; = 1, are given in Fig. 51 in terms of particle temperature and grid temperature.
The time step is chosen to be At = 8 x 107> which is smaller than the theoretical maximum value of (h)?/(2k). However,
we find that larger time steps also yield accurate results. The results given in the referred figure confirms the finding in the
literature that the particle data are noisy whilst the grid data (i.e., TIt +AL pot TIt +A1) are not.

1.00 1.00

0.80 0.80 -
e ©
2 0.60 20.60F
g g
[0} [}
£ £
S 0.40 S 0.40
= [

0.20 0.20 -

0.00 ! 0.00 !

0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
Time Time
(a) particle temperature (b) grid temperature

Figure 51: One dimensional heat conduction: solutions obtained with the standard MPM with 100 grid cells and 1 particle
per cell. Black is for = 0.0075, blue is for # = 0.03 and red is for # = 0.05.

Two dimensional thermal test. Let consider a rectangular plate of dimensions L. x H, with p = ¢ = k = 1. The bar
temperature is initially set at 79 = 0 and the external surface is heated up to 77 = 100 at time # = 0 and held fixed. Any set
of consistent units suffice. The exact temperature field in the plate is given by Tao et al. [2016]

_ 202772 4 i2/[2 ; ;
T 1) = T + 16(T;)T2 Ty) Z Z exp(—m2(i /L + j</H?)t) sin (”rx)sin (]%) (5.28)

i L
i=1,3,...j=1,3,... J

In the simulations, a unit square is considered and a grid of 20 x 20 cells with four particles per cell is used. The temperature
boundary condition is applied on the particles residing in the boundary cells. The nodal temperature of both MPM and exact
solutions are given in Fig. 52 at time ¢ = 0.05. A constant time step of Az = 10™* was adopted. Note again that, the particle
temperature distribution (not shown) is not as smooth as the nodal temperature field.

Temperature
4.0e+01 50 55 60 65 70 75 80 85 90 1.0e+02

Figure 52: Two dimensional heat conduction: standard MPM solutions (left) and exact solution (right).
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5.4 Fluids and gases

Even though MPM has been developed for solid mechanics applications, it has also been used to model fluids and gases. This
section presents a brief discussion on the so-called weakly compressible MPM for fluids. We refer to Zhang et al. [2017] and
references therein for advanced incompressible MPM formulations for free surface flow. This simple weakly compressible
formulation allows us to model various interesting FSI problems, see York et al. [1999, 2000], Gan et al. [2011], Mao [2013],
Yang et al. [2018], Su et al. [2019].

The governing equations for fluids/gases are the same as for the solid (Equation (2.20)) except the constitutive model.
An artificial equation of state is adopted to describe the pressure. Therefore, an MPM code for solids can be equally used to
model fluids/gases.

5.4.1 Fluids

For fluids, the stress field is defined as

ol =2uné + Antr(e) — pI (5.29)

where p is the pressure which is determined from an equation of state (EOS), uy and Ay are the shear viscosity [Pa s =
kg/(ms)] and the bulk viscosity, respectively. Recall that the strain rate tensor is defined as ¢ = 0.5(L + L) where L denotes
the gradient velocity tensor. A superscript f was used to label the fluid stress, as in an FSI problem, one has to deal with two
stress fields — one for the solid and one for the fluid.

IfAy = Z‘LTN, the so-called Stokes condition, the stress field thus becomes

2un

1
o/ =2uné — E w1 - pl=2uy [é - 5tr(é)l] —pI (5.30)

where the term in the bracket is the deviatoric part of the strain rate tensor.
The pressure of the fluid particle is updated by an EOS. In the case of water and air, the EOS is given by [Monaghan,

1994, Cueto-Felgueroso et al., 2004]
14
h=« [(ﬁ) — 1] (5.31)
Po

where py is the initial density and « is the bulk modulus [Pa=kg/(ms?)] chosen such that the fluid is nearly incompressible
and y = 7 for water and y = 1.4 for air. The advantage of this EOS, providing a direct relationship between pressure and
density, is that there is no need to solve any additional equation for the pressure. The bulk modulus can be very high for
a nearly incompressible fluid, such as water, resulting in a very small time step. To increase the time step, a reduced bulk
modulus can be used as long as the change in density is less than 3%.

5.4.2 Gases
And for an ideal gas, the stress field is given by [Hu and Chen, 2006]

ol =—pL, p=(y—1)pe (5.32)

where e is the specific internal energy and y is the ratio of specific heats. The specific internal energy is updated using the
balance of energy equation (thermal effect was neglected)

t+At __ ot t+At . t+ At t+ At
e, =e, + Ato, Ae," 7/ oy (5.33)

where the density is updated using the following equation

t
t+At Pp
= (5.34)
Pr 1 + Artr(AelT4Y)

It is well known that most numerical simulations of compressible-fluid shocks provide more accurate results if some type

of artificial viscosity is used at the shock front. The following artificial viscosity is added to the particle pressure, see e.g.,
Zhang et al. [2016] for details

q = pLe (coLeéy — Craégr),  éxk <0 (5.35)
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where ¢ and ¢, are coefficients of artificial viscosity, « = /y p/p is the local sound speed and L, is the minimum length
of cell sides of the background grid.

Dam break problems. A simplified dam break simulation with a barrier is depicted in Fig. 53. A water column of initial
height /¢ and length [y is initially constrained by a gate and rests on a smooth, flat surface. At an arbitrary starting time, say
t = 0, the gate is removed and the water is allowed to flow freely under the force of gravity. This problem has been tackled
extensively in the SPH literature and also studied using the MPM by e.g., Mast et al. [2012] where it was demonstrated that
the standard MPM inhibits severe locking.

p = 997.5 kg/m®

Kk =2 x 10° Pa

1 =0.001 Pas gate
g=—9.81 m/s2

lo !

L

Figure 53: Dam break problem. The computational domain is L x L with L = 6 m, lp =4 m, hp = 2 m.

The behavior of the water follows Equations (5.30) and (5.31). The domain is discretized by 70 x 70 cells with 4 PPC
(4371 particles). A constant time step of A = 0.1h,/c with ¢ = \/m was used. The component normal to the boundaries
of the grid velocities are set to zero. The aims of this example are two-fold. First, the MPM is demonstrated for fluid flow.
Second, it shows that the standard MPM (with hat functions) and MUSL does not subject to volumetric locking, or probably
it locks but to a very small extent. Also, even though not shown here, GIMP and BSMPM do not lock, either with USL or
MUSL.

The simulation snapshots are given in Fig. 54. Note that, for fluid problems, one should use & = 1 in the particle velocity
update (Equation (2.53)).

T ey

Figure 54: Dam break problem. Simulation snapshots: from left to right, t = 0.4s,# = 0.72sand ¢t = 1.70s.

Remark 34 For solid mechanics problems exhibiting plastic deformation given in Section 6, we have also not observed
volumetric locking. These simulations were done with the standard MPM and the MUSL without pressure stabilization
(Section 5.2). We think that there is a need to re-examine locking issues in the MPM using MUSL and the pressure stabilization
to verify its performance compared with advanced but complex methods such as the one of Mast et al. [2012].

5.5 Improved MPM formulations

Convergence tests (presented in Section 6.2) reveal that MPMs do not converge at an optimal rate (i.e., the convergence
rate for L, error of the displacement is not two). There are many reasons for this undesired behavior. It is quite clear that
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quadrature error is one of them as particles are arbitrarily positioned on the grid. Methods to improve this error include MPM
variants with smooth weighting functions (GIMP/CPDI/BSMPM) and the standard MPM with the Gaussian quadrature (that
is particle data are reconstructed at the quadrature points and they are used for evaluating the weak form integrals similar to
the FEM). In Wallstedt and Guilkey [2007] it has been shown that the grid momenta calculation, with linear shape functions,
is not able to provide an exact projection of a linear velocity field for arbitrary particle positions. This led Sulsky and Gong
[2016] to develop the improved MPM (iMPM) where moving least square (MLS) method is adopted to reconstruct the
particle data (velocity, density and stress) at the grid nodes and cell centers. Wobbes et al. [2019] presented a similar idea
using local Taylor basis instead of MLS. This section presents the theory and implementation of the iMPM of Sulsky and
Gong [2016].

5.5.1 Velocity (momentum) projection

In Wallstedt and Guilkey [2007] it has been shown that Equation (2.43), with linear shape functions, is not able to provide an
exact projection of a linear velocity field for arbitrary particle positions. And this introduces another source of error in the
MPM-mapping error. They also proposed a technique to reduce this error. As a simple demonstration of this, we consider
a grid of three equally spaced cells (2 = 2) with 3 particles located at the cell centers. Assume that all the particles have a
mass of unity and the particle velocity field is linear i.e., v(x) = x, cf. Fig. 55. Obviously, Equation (2.43) results in v = 1
(correct value is 0) and v4 = 5 (correct value is 6). The situation is getting worse with off-center particles. As shown in
Sulsky and Gong [2016] and in Appendix D, MLS can solve this issue.

T

>
»

=[]

3 4
—e—O
| |
4 6

Figure 55: Error in projecting particle velocities to grid nodes. With particles located at cell centers, the internal nodes have
correct projected velocities while the boundary nodes do not.

The affine PIC. In order to minimize the velocity projection error, Wallstedt and Guilkey [2007] suggested to enhance the
particle’s velocities using the already available velocity gradient. In 1D, the particle to grid projection was therefore defined
as:
m;v =Zm¢(x)[v —ak(x —X)i| (5.36)
iVl - p¥p R Vp = T~ \p T A )
More recently, the same idea was followed by Jiang et al. [2015a] in the computer graphics community, but extended to 3D.

This variation of MPM was named the Affine Particle-In-Cell (APIC) method, which is a bit confusing as the method is
indeed an MPM. The APIC particle velocity to grid projection is given by

mivi =Y mp®p(xr) [vp + BpD;, " (x7 —x,)] (5.37)
p
where
B, =Y &,(x))vi(x; —xp)". Dp = Bp(x1)x1pX], (5.38)
1 1

Remark 35 Jiang et al. [2015a] proved that APIC conserves angular momentum. We have implemented it in Karamelo, but
it does not work well with the TLMPM. There is a need to check the performance of APIC for engineering problems as this
method is simple.
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5.5.2 The improved MPM (iMPM)

In order to have a high-order MPM, one needs to fullfill the following conditions: (1) high order grid basis functions such
as cubic B-splines, (2) a proper projection of the particle velocities to the grid and (3) accurate integration of the weak form
integrals (the nodal mass and forces). Note that lack of any of these three conditions would result in a first-order MPM for
large deformation problems where the particle positions are arbitrary with respect to the grid. Furthermore the stress update
of the constitutive equations must also be high order to have an overall high order accurate method. Herein we focus on the
last two conditions as cubic B-splines have been discussed. The device to fulfill these last conditions is moving least square
approximation [Gong, 2015, Sulsky and Gong, 2016]. The ideas are as follows

e Reconstruction of particle momenta using MLS and project this reconstructed momenta to the grid nodes. This will
solve the velocity projection issue of MPM (including GIMP, CPDI);

e Integration of the mass matrix and nodal forces using one-point quadrature rule located at the element centers. This
will improve the quadrature error of MPM. Note that CPDI does not subject to this error with the price of a particle
FE mesh. Again MLS is used to construct the data at the element centers. Precisely the particle stresses and densities
are approximated using MLS and they are computed at the element centers.

e Standard FE shape functions i.e., the hat functions are still employed in the calculation of the mass matrix and
internal/external forces.

Graphical illustration of the two MLS approximations involved in the above the first two items is given in Fig. 56. The last
point warrants a further discussion.

) & b & &
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(a) Velocity projection (b) Density /stress projection

Figure 56: Moving least square approximations (a) to project particle velocities to the grid and (b) to construct cell-centered
densities and stresses.

Remark 36 Using one-point quadrature rule improves the numerical integration error and eliminates the cell-crossing error
(as the weighting gradients are always evaluated at the cell centers). Yet it is not accurate for cells on the solid boundary. A
mixed quadrature was presented in [Song et al., 2019] where for fully filled cells, one-point quadrature is used (similar to
iMPM) and for partially filled cells, material point based integration is used. Partially filled cells are cells intersecting with
the solid boundaries.

Remark 37 Mixed quadrature was used for the first time, to the best of our knowledge, in the geo-technical engineering
community [Beuth et al., 2011 ]. The motivation was due to the fact that particle based quadrature resulted in oscillation in
the stress field. Even though this oscillation was due to cell crossing [Bardenhagen and Kober, 2004 ] which can be removed

using C weighting functions, constructing such smooth functions is not easy with an unstructured grid.

Velocity projection. From the particle velocities one can obtain the grid node velocities as follows
vi=Y & Sxp)v, (5.39)
p

where the sum is over the particles within the domain of influence of node 7; (D;’ILS (x7) denotes the MLS shape functions,
of which details can be found in Appendix D.
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One point quadrature. The nodal mass and nodal forces (internal and external) are numerically computed using only one
quadrature point-the element center x.. Therefore, we have

nc
mj = Z PeNT (Xc)Vc
=1 (5.40)

nc

/'~ =) 0 VNI (%) Ve

c=1

where V; denotes the volume of the element (V. = hyh, for 2D), and nc is the number of elements surrounding node
I. For interior nodes, nc = 2 in 1D, nc = 4 in 2D and nc = 8 in 3D. It should be emphasized that using one single
quadrature point might not be sufficient. Either hourglass control can be added or full quadrature can be employed. Note that,
in Equation (5.40), we use Ny (xX) not ¢y (x) as will be seen, the hat functions are sufficient to get a quadratic convergence
rate.

The density and stresses at the element center are computed using the MLS approximation:

Pc = Z cDII)VILS(XC)iOP
p

oe=Y & 5(x)o,
p

(5.41)

where the sum is over the particles within the domain of influence of the element center X.. One can consider the cell centers
as stress points often used in SPH [Dyka and Ingel, 1995]

Implementation. This section presents the implementation of the iMPM. The complete flowchart is given in Algorithm 10
which requires some modifications of a standard MPM code only. First, we introduce two data structures to store the cell-
centered density and stress. Second, in the "P2G’ step, we proceed in two sub-steps: (1) computation of nodal mass and forces
by looping over the elements and then over the centers and (2) computation of the nodal velocities by sweeping over the grid
nodes. Third, in the ‘G2P’ step, we construct the cell-centered density and stress from the newly updated particle density and
stress. There is one change to the initialization step as well-one needs to initialize the cell-centered density and stresses in
addition to conventional particle data.

Algorithm 10 iMPM with USL: step from ¢ to ¢t + Az.

1: Mapping from particles to nodes (P2G)
2 Compute nodal mass m} =", Ny (X;)p.Ve

3 Compute nodal velocities Vi =3, &) (x)V,

4 Compute internal force £} = —>"_ V.0 VN;(X,)
5 Compute nodal force f;, = £ 4 ;"'

6: end
7

8

9

. Update velocities v,™ 4" = v/ + (f;/m}) At
: Fix Dirichlet nodes
: Update particles + construct cell-centered density/stress (G2P)

10: Update particle velocities vit4 = v/ + 3~ N; (xﬁ,)(vf“m —vh)
11:  Update particle positions x,™4" = x! + Ar Y, Ny (xt)vit4
12: Compute gradient velocity LLT4" = >~ Ve (xL) vyt
13: Updated gradient deformation tensor F4F 4" = (I + LLT47 Ar)F,
14: Update volume and stress VP’+A’ = detF;’LAthO, a;fm = 0! + Ao,
- At _
15: Update density o, "4 = o) /J
16: Construct cell-centered density pit4* = ®MS(X,)plt4!
. Y MLS +A
17: dConstruct cell-centered stress 0,72 = ) &)1 (X, )oY
18: en
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In order to make it general the MLS approximation for the velocity can be different from the MLS approximation used
for the density/stress. It is well known that MLS shape functions are computationally expensive and so is iMPM. Therefore,
Tran et al. [2019] adopted an improved MLS, developed by Liew et al. [2005], where orthogonal basis are used leading to a
diagonal moment matrix which is trivial for inverting.

5.6 Adaptivity

A basic MPM implementation adopts a fixed uniform Cartesian (or unstructured) grid and a fixed number of material points.
In order to better resolve regions of high gradients while keeping a reasonable computational cost, adaptive grid has been
proposed, see Section 5.6.1. Accompany with grid refinement is particle splitting in which original particles are split into new
ones to be added to the new grid cells. Another situation where particle splitting is needed is to prevent numerical fracture.
This particle splitting is discussed in Section 5.6.2.

- 0

Figure 57: Multi-level grid refinement and particle splitting. Shaded cells are the ones needed to be refined. Solid squares
denote hanging nodes.

5.6.1 Grid adaptive refinement

Adaptive refinement MPM was reported in Tan and Nairn [2002] for fracture mechanics applications. Details are not provided
on how to handle hanging nodes. Ma et al. [2006] presented a multi-level grid refinement for GIMP. The standard grid
functions are modified to handle hanging nodes, and the modified functions are convoluted with the particle characteristic
functions, in the conventional GIMP way, to obtain the final weighting function ¢; (Xp). A similar method was given in the
community of computer graphics [Gao et al., 2017]. Cheon and Kim [2019] reports a similar grid refinement, for the standard
MPM, within the context of phase-field fracture simulation. In the field of free surface flows, Mao et al. [2015] reported an
adaptive MPM to accurately handle free surfaces. The algorithm allows particle splitting and merging.

5.6.2 Particle splitting and merging

We confine to 2D problems for simplicity. Assume that a given particle is split into 4 particles. The mass and volume of the
new four particles are 1/4 of the corresponding values for the original particle. All intrinsic material state properties (e.g.,
density, deformation gradient, stress, damage, etc.) are set equal to that of the original particle [Homel et al., 2016]. When it
comes to when one should perform particle splitting there exists different criteria, see Ma et al. [2009a], Gracia et al. [2019].
Basically, when a particle is stretched too much, it is split. The splitting criterion uses the local particle data such as F, its
original/current size and the grid cell size.

6 Numerical examples

This section presents some simulations carried out by the authors using various in-house MPM codes that we have developed
including a Matlab code, a Julia code and two C++ codes. Most of these codes are open source and thus these simulations
can be reproduced. These simulations cover signature MPM simulations: large deformation, contact and fracture. But they
are certainly not representative of all interesting simulations performed using the MPM reported in the literature.

We divide the simulations into three sets. The first contains implementation tests: simple problems used to verifty MPM
implementations (Section 6.1). The second set, given in Section 6.2 and named convergence tests, consists of fabricated
simulations using the method of manufactured solutions to verify the convergence of MPMs (whether they converge and
at which rate) and expose their algorithmic shortcomings. The third set, presented in Section 6.3, provides some practical
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engineering simulations which are validated against corresponding experiments. Unless otherwise stated, the particle velocity
is updated using FLIP (@ = 1).

6.1 Implementation tests

This section presents some simple tests served to verify an MPM implementation. A one dimensional vibrating bar, with
analytical solutions, is discussed in Section 6.1.1. This test also discusses energy conservation of various MPM algorithms.
Collision of 2D elastic bodies is given in Section 6.1.2. These two tests are simple as the material is linear elastic and yet
sufficient to verify an MPM code for solid mechanics problems. For ductile solids, simulation of the impact of an elastic disk
onto an aluminum target is presented in Section 6.1.3. Finally, a test on gas dynamics is given in Section 6.1.4. This test
serves to verify the implementation of the MPM for fluids and gases. For other benchmark tests for fluid mechanics, we refer
to Zhao et al. [2017], Vargas et al. [2018], Sun et al. [2018].

6.1.1 Axial vibration of a continuum bar

In this example, we study the axial vibration of a continuum bar with Young’s modulus E = 100, density p = 1, and the bar
length L = 25. One end (x = 0) of the bar is fixed, and the other (x = L) is free. Any set of consistent unit suffice.
Exact solutions for mode n are (refer to e.g., Bardenhagen [2002])

v(x,t) = vg cos(wpt) sin(B, x) 6.1

u(x,t) = Z)—O sin(wpt) sin(By, x) (6.2)

where w, = B, E/pand B, = 2”2_ 1 7 The period of vibration is 277/w; = 10. In the computations, vo = 0.1 was used.

The initial velocity is given by

v(x,0) = vgsin(B,x) (6.3)

The grid consists of 13 two-noded line elements (14 grid nodes) and 13 material points (i.e., one particle per element)
placed at the center of the elements are used. The time increment is chosen as At = 0.1Ax/c where Ax denotes the nodal
spacing and ¢ = / E/p. We consider two modes — mode 1 (» = 1) and mode 10 (n = 10) and for both cases, the quantity
of interest used to compare the numerical and exact solution is the center of mass velocities which are given by

num(t) — ngq?mp (64)
p

Vo
V(1) = Bl cos(wnt); Ve
for the exact solution and the MPM solution, respectively.
The results are given in Fig. 58 for mode 1 and in Fig. 59 for mode 10, respectively. As can be seen from Fig. 58 , PIC
results in a big numerical dissipation while FLIP is not. For this mode, both USL and USL conserve energy (so does the USF
of Bardenhagen [2002]). However, for mode 10, USL is dissipative whereas MUSL conserves energy much better.

6.1.2 Impact of two elastic bodies

The problem of collision of two elastic bodies, first presented in Sulsky et al. [1994], is perhaps the easiest 2D problem to
check the implementation of a 2D MPM code. As shown in Fig. 60, two identical elastic disks, moving in opposite directions
towards each other, will collide each other and rebound. The computational domain is a square, of which side is one millimeter.
There is no boundary conditions in this problem since the simulation stops before the particles move out of the computational
box after impact. A plane strain condition is assumed.

The computational domain is discretized into 20 x 20 square elements. Four particles are used per elements resulting in
a total of 416 particles. Simulations are performed in the absence of gravity. A constant time step Az = 0.001 s was used.
Even though the USL can be used with a cut-off value for small nodal mass, we adopted the MUSL. Initial condition for
this problem is the initial velocities of the particles, v, = v for lower-left particles and v, = —v for upper-right particles. A
constant time step of 0.001 s was used.

In order to check the energy conservation, the strain and kinetic energy are computed for each time step. They are defined
as
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Figure 58: Vibration of a bar: mode 1 case: PIC versus FLIP with USL algorithm used (16 cells, PPC=2). For this mode, USL
and MUSL perform similarly.

np 1 np
Es =Y upVp. Ep= 3 > vpvpmy (6.5)
r=1 r=1

where u,, denotes the strain energy density of particle p, u, = 1/20pj€p.ij-

The movement of two disks is given in Fig. 61. The collision occurs in a physically realistic fashion, although no contact
law has been specified. Fig. 62 plots the evolution of the kinetic, strain and total energy. All of the initial energy is kinetic
energy. The initial kinetic energy is K = 2 x (0.5 x (v 4+ v%) x p x @ x r?) = 2.513. The kinetic energy decreases
during impact and is then mostly recovered after separation. The strain energy reaches its maximum value at the point of
maximum deformation during impact and then decreases to a value associated with free vibration of the disk. The result is
identical to the ones reported in Sulsky et al. [1994], Buzzi et al. [2008], Coetzee [2003] which confirms the implementation.
However, the contact did occur earlier than it should have been. The correct contact time is = AB/(2+/2v) = 1.5858 s
where v = 0.1. In the simulation contact happened at ¢ = 1.3 s. This result is expected as the contact is resolved at the grid
nodes not the particles i.e., contact is detected even when the particles of the two bodies are one cell separate. The situation
is more severe if a C?~! smooth basis function is used as in GIMP or B-splines MPM where the nodal support is larger. A
simple mesh refinement can improve the result or a contact algorithm which is based on the particle distance should be used.

6.1.3 High-velocity impact

To test the code for elasto-plastic solids, we present a 2D simulation involving an AISI 52-100 chromium steel disk impacting
an elastic-perfectly plastic target of 6061-T6 aluminum under plane strain condition. The geometry and initial conditions
are given in Fig. 63. The disk is assumed to be elastic and the aluminum target to be small-strain elastic-perfect plastic and
obeying a von Mises yield criterion. The stress update for this plastic material can be found e.g., in Simo and Hughes [1998].

The background grid has a 50 x 50 layout, and is not shown in the figures to avoid clutter. The simulation consists of
a total of 6908 particles, 208 of which constitute the steel disk and 6700 particles for the aluminum target. The simulation
was performed over constant time increments of Ar = 1078 s up to t = 40.0 x 1076 s. No special treatment for the contact
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Figure 63: Setup and initial conditions for the high-velocity impact problem. The disk has an initial velocity of 1160 m/s and
the disk’s diameter is 9.53 mm. The boundary represents the computational domain. Length are in mm.

between the disk and the target was used. In other words, the inherent automatic no-slip, no-penetration contact of MPM is
exploited. Fig. 64 shows the penetration of the disk into the target at four different time states. The results are very similar
to the ones reported by Sulsky et al. [1995], Coetzee [2003], which serves as verification for the codes implemented in this
study.

6.1.4 Sod’s shock tube

Sod’s problem is a test case commonly used in computational hydrodynamics to see how well a certain computational
approach works [Sod, 1978]. This problem, shown in Fig. 65, consists of a shock tube where a diaphragm is located in the
middle of the tube. Two sides of the diaphragm have different pressures and densities, which make the fluid flows when the
diaphragm is broken. The left side of density is 1 and pressure is 1. The right side of density is 0.125 and pressure is 0.1, and
both sides have a zero initial velocity. Any set of consistent units suffice. At time ¢ = 0, the diaphragm is removed. The fluid
is modeled as an ideal gas with y = 1.4 (cf. Section 5.4).

Only a small modification was made to the one dimensional MPM code developed for solid mechanics: the internal energy
e is stored for every fluid particles. The initial value for e is computed using an EOS and the initial density and pressure. The
results, obtained with the standard MPM (MUSL update), at time t = 0.143, when the shock traveled a distance of about
0.25, with 300 cells and three particles per cell are given in Figs. 66 and 67 without and with artificial viscosity. Note that the
data are plotted at the material points. In Fig. 68 we also plot the data at the grid nodes. To compute the grid nodal pressure,
the particle stress is mapped to the grid nodes in the same manner as the velocity mapping. As can be seen a smoother
distribution was obtained by this technique as earlier mentioned in the works of e.g., [Andersen and Andersen, 2010a].
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Figure 64: Snapshots for the high-velocity impact problem as the steel disk penetrated into the aluminum target. The color
represents the equivalent plastic strain. These images were created using the PyPlot graphical package.
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Figure 65: Sod’s problem: initial configuration.

6.2 Convergence tests

As MPM are typically used for nonlinear problems of which solutions do not exist, the method of manufactured solutions
has been used to check the convergence of MPM [Wallstedt and Guilkey, 2008, Kamojjala et al., 2015]. This section presents
two common convergence tests: axis-aligned unit cubes in Sections 6.2.1 and 6.2.2 and the generalized vortex problem in
Section 6.2.3. The first test involves only compression/tension deformation and the second one deals with shear deformation.
Both tests concern only zero-traction boundary conditions as it is notoriously difficult to enforce non-zero Neumann boundary
conditions in particle methods. As it is always easier to code and debug 1D problems, we first present a 1D test in Section 6.2.1
and a 2D/3D test in Section 6.2.2. Furthermore, 1D problems allow to use extremely fine meshes which reveal instability of
some MPM variants. We refer to Appendix A for details on the MMS method and the derivation of various results given in
this section.

6.2.1 Axis-aligned unit segment

Let’s consider a unit segment i.e., the spatial domain is 0 < X < 1. The manufactured displacement field is assumed to be

u(X,t) = Gsin(rX) sin(cmt) (6.6)

where G is the maximum amplitude of the displacement; ¢ = / E/pg and E denotes the Young’s modulus. The period is thus
givenby T = 5—2; X denotes the material coordinates i.e., coordinates in the reference configuration. and the time domain is
0 <t < T i.e., one period of oscillation is considered. The corresponding body force and boundary/initial conditions for this
manufactured solution are given in Appendix A.1.

This MMS verification test is done using the following material parameters: £ = 107 Pa, v = 0.3, and pg = 1000 kg/m3.
Both small and large displacements are tested by setting the maximum amplitude displacement G = 10™* and G = 0.05,
respectively. The same time step of 0.2/1/c, where & is the cell size, was used. We believe that this small time step eliminates
any error due to time discretization. And note that herein we focus on spatial convergence only. We study the convergence of
the FEM (see Appendix F for the formulation), MPM, TLMPM, GIMP and iMPM. Note that CPDI performs identically to
cpGIMP for this problem and thus not discussed. To this end, grids of size h = 27k k= {1,2,3,4,5,6,7,8,9, 10, 12}, with
the smallest cell size is .000244141, are considered. In the literature, for convergence tests, rather coarse meshes have been
used with which convergence was obtained, as Gong [2015] pointed out that when the mesh is very fine, many MPM variants
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Figure 66: Sod’s problem: 200 elements with 3 particle per element. No artificial viscosity.
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Figure 68: Sod’s problem: 200 elements with 3 particle per element with artificial viscosity. Data plotted at material points
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exhibit divergence. That is why, herein we are utilizing very fine meshes to have a fair view of the convergence behavior of
MPMs.

The results are given in Fig. 69 where it can be seen that optimal convergence (of order 2) was obtained with the FEM
and TLMPM. This is expected as there is no error in updating the stress for this manufactured solution (the constitutive
model is a hyperelasticity). In the TLMPM, there is no quadrature error (for this axis-aligned problem) and cell-crossing
instability. The TLMPM accuracy is certainly slightly lower than the FEM accuracy. The standard MPM does converge for
the small deformation case up to a certain mesh level and the error plateaus. However, it does not converge at all for the large
deformation case. The convergence is better with uGIMP even though the error increases for fine meshes (large deformation
case). The cpGIMP does perform better when large deformation occurs but the convergence rate is far from optimal. The
convergence of the iMPM is optimal for meshes with size smaller than 10~ and all of a sudden, it diverges for more refined
meshes. The reason of that is unclear at this stage [Gong, 2015].

While performing this convergence test, we have realized that the convergence does depend on the error measure. To
demonstrate this, considering the following root mean square error

tt{l=0 Zzil H“ﬁ(f”) — uexaet(X,, tn)”2

nr Xnp

eRMSE — (6.7)

It is obvious that when the mesh gets finer, both n,, and n7 (the number of time steps) gets bigger and thus the error measure
in Equation (6.7) will always give convergence, cf. Fig. 69d. We do not think this RMSE is objective for dynamics simulations
because one can get good convergence simply by refining the time steps i.e., making n7 bigger.

6.2.2 Axis-aligned unit cube

This MMS test involves only tension and compression as the displacement field is assumed to be:

u(X,t) = G sin(xrX) sin (\/I()Ent + ¢) (6.8)
0

where G is the maximum amplitude of displacement, £ denotes Young’s modulus, and ¢ = [0, 7, ], an arbitrary phase
angle. X denotes the material coordinates in the reference configuration. The solid is a unit cube occupying the domain
delimited by 0 < X; < 1,0 < X3 < 1,and 0 < X3 < 1. One period of oscillation is considered, i.e. the time domain
is0 <t <T,withT = nz—” From the prescribed displacements, and using the compressible Neo-Hookean model

vE/po

introduced in Appendix B.2, the necessary body forces applied on the nodes are obtained as (see de Vaucorbeil et al. [2019]
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Figure 69: Axis-align unit segment test: convergence of FEM and various MPM variants using the un-normalized error
measure e given in Equation (A.12).

for derivation details):

2
T U1 A 1
— (I =In(F11 F2F33)) +p |1+ — | - E
po \ F{) Ffy
72uy [ A 1
b(X,7) = — (I =In(FiiF22F33) +p |1+ — | —E| |- (6.9)
po \ F3, F3,
72us [ A 1
— (I =In(F11 F2F33) +p(l+ —5 | - E
| po \ F33 F33 i

We also impose the following boundary conditions, obtained using Equation (6.8), onto the nodes of the background mesh:
viXi =0,t) =v(X; =1,t) =0, fori=1,2,3 (6.10)

as well as the following initial conditions:

viX,0)=m \/,oEG sin(7rX) cos (¢) (6.11)
0
P(X,0) =0 (6.12)

As can be seen, this test is suitable for testing a 2D/3D MPM code without having to deal with Neumann boundary conditions
(as the traction is zero at the boundary).

This MMS verification test is performed using the following material parameters: £ = 107 Pa, v = 0.3, and py =
1000 kg/m>. Both small and large displacements are tested by setting the maximum amplitude displacement G = 10~* and
G = 0.05, respectively. In both cases, the test is done using linear, cubic splines, and Bernstein shape function. The same
time step of 0.24/c, where & is the background grid element size, was used. We believe that this small time step eliminates
any error due to time discretization. And note that herein we focus on spatial convergence only.

For all the tested cases, the error as a function of the background grid cell size made by the TLMPM using a combination
of PIC and FLIP with 8 = 0.99 for the velocity update is plotted in Fig. 70. It can be seen that contrary to the standard MPM
which does not converge (see Fig. 69b), the TLMPM converges for all the different shape functions tested. In particular, its
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convergence is quadratic when using either cubic splines or Bernstein shape functions and quasi quadratic when using linear
shape functions. The trends are similar for either error measure e; or e used.

Remark 38 Note that as ey is not normalized and is therefore proportional to G, the absolute error is higher for large than
for small deformations, while as e, is normalized, and no difference was seen between these two cases, Fig. 70b does not
distinguish between large and small deformations.
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Figure 70: Plot of the displacement error as a function of the background mesh refinement for small and large deformation
obtained using TLMPM. Note that as e5 is normalized, and since we did not see any difference between small and large
deformations, this distinction is not made in (b).

6.2.3 Generalized vortex problem

The generalized vortex problem is an example of MMS involving simple shear with superimposed rotation which is a
complicated problem to simulate using MPM and its advanced (improved) variants [Brannon et al., 2011, Kamojjala et al.,
2015, Wang et al., 2019]. This problem features a 2D ring, cf. Fig. 71a, which is locally subjected to a pure circular motion.
The local displacement is purely angular and varies with the radial coordinate. Therefore, the material is only subjected to

shear and circular motion, see Fig. 71b.

N

o
31040 2 -15 -1 05 0 05 1 15 2 25310400

() (b)

Figure 71: Generalized vortex problem. Geometry and variable definition (a), and deformed shape (b).

The ring center is at the origin (x = y = 0) and its inner and outer radii are R; and R,, respectively. The current position
x of any given point on the ring is thus given as:
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x(1) = Q(t) - X (6.13)

with Q being a standard rotation matrix in 2D:

cosa —sina
Q) = |:sina cos o ] 6.19)
where « is the rotation angle which varies only with time and radial coordinate R (R = +/ X2 + Y 2). It is given as:
a(t, R) = g()h(R) (6.15)

where g(¢) controls the amplitude of the deformation with time and /(R) controls the relative radial variation of the rotation;
g(t) is taken as periodic, and /(R) is chosen such that the outer and inner radii do not move: h(R;) = h(R,) = 0. Zero
traction on the boundaries is insured by having: 4'(R;) = h'(R,) = 0 as well. Following Brannon et al. [2011], they are

given by:
R-R\’ R-R\" nt
R)=1-8|—~-) +16| — = in|{— A
h(R) 8<R —Ro) 6(R R ) , g Gsm(TO) (6.16)

with R = (Rg + R;)/2 and Ty is the period.
Using the procedure shown in Appendix A.1 the body forces necessary to obtain this vortex motion are expressed as (see
de Vaucorbeil et al. [2019] for detailed derivation):

b1(R,t) = br(R,t)cos ® —bg(R,t)sin @

. 6.17)
by(R,t) = be(R,t)cos® + br(R,t)sin @
where:
br(R,t) = [ﬂ (3g(®)h'(R) + Rg(t)h"(R)) — Rg”(t)h(R)] sina
n [ R(g (O (R))? R(g/(z)h(R))z] cosr
(6.18)

bo(R,t) = [ 3g(z)h (R) + Rg(t)h”(R)) + Rg”(t)h(R)] cos o
+ [ R(g(t)l (R)) + R(g'(tH)h(R)) ] sin o

where h’(R) denotes the first derivative of i with respect to R and 4" (R) is the second derivative. Furthermore, the initial
velocity and stress are identically zero.

Similarly to Kamojjala et al. [2015], the inner and outer radii are taken as 0.75 m and 1.25 m, respectively. Material
parameters are taken as: £ = 103 Pa, po = 1000 kg/m3, v = 0.3, and the maximum displacement amplitude G = 1;
To = 1 s and the total simulation time is one second i.e., one period is considered. The particles’ velocities is updated
using a mix of PIC and FLIP with the mixing factor ¢ = 0.99. Moreover, the velocity of all the nodes outside of the ring
is set to zero, and the body forces (Equation (6.17)) are applied directly on the nodes. We solve this problem using three
MPM variants: the TLMPM (with linear and quadratic Bernstein functions), the boundary non-conforming CPDI-Q4 and the
boundary conforming CPDI-Q4. In the boundary non-conforming CPD], the particles are generated using the same algorithm
for the standard MPM and thus the particle domains do not fit the boundary, see Fig. 72a. The TLMPM has the same particle
positions. On the other hand, in the conforming CPDI, the particle domains are generated using a mesh generator (we used
Gmsh [Geuzaine and Remacle, 2009]). The particle domains are conforming to the boundary, see Fig. 72b.

The results obtained with CPDI-Q4 are given in Fig. 73. The performance of CPDI-Q4 is much better than the standard
MPM and uGIMP (not shown here), but the deformation is not well captured: the boundaries of the domain are not smooth
and circular. The particle domains are so much distorted. For this reason, we do not perform mesh convergence for CPDI.
The remaining of this section focuses on the TLMPM.

Figure 74 shows how the displacement errors e; and e, change according to the element size. It can be seen that at large
element size, the convergence rate is quadratic, but decreases progressively as the cell size decreases. This is the sign of a
competition between two errors: cell size related errors and mapping errors. As the cell size decreases, so does the error
associated to it, while the mapping error which appeared negligible for large cell sizes becomes dominant. Thus the error
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(a) Non-conforming CPDI-Q4 (b) Conforming CPDI-Q4

Figure 72: Generalized vortex problem. Grid and initial particles used in CPDI. These images were created using the PyPlot
graphical package [Johnson, 2012].

(a) Non-conforming (b) Conforming

Figure 73: Deformed configuration obtained with CPDI-Q4. The color represents the magnitude of the displacement field.
Blue is zero and read is maximum. The grid cell size is 0.05 and there are about 14 000 particles. Images obtained using
Ovito [Stukowski, 2009]
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Figure 74: Plot of the displacement error as a function of the background mesh refinement obtained using TLMPM. Note
that as e, is normalized.

plateaus. Note that there is another source of error — the mapping of particle momenta to the grid as shown in Sulsky and
Gong [2016]. We did not implement those improvements to mitigate this error and leave it as a future work. However, the
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order of magnitude of this plateaus is so low that very good qualitative agreement exist between the deformed configurations
at peak rotation angle as obtained with TLMPM using Bernstein shape functions and the analytical solution (see Fig. 75).

(a) analytical solution (b) TLMPM solution

Figure 75: Deformed configuration at t = 0.5 s obtained (a) analytically and (b) with TLMPM using quadratic Bernstein
polynomials shape functions and a cell size of 0.033.

6.3 Experimentally validated simulations

This section presents simulations that involve large deformation, contacts and fracture which are signature application of
MPMs (or any meshfree methods). Furthermore, these simulations are practical engineering problems of which experiments
have been conducted. Concretely, the following problems are presented

e Taylor anvil test (Section 6.3.1);
e Necking and fracture of a tensile specimen (Section 6.3.2);
e Lateral compression of thin-walled structures (Section 6.3.3);

e Lateral compression of thin-walled structures (Section 6.3.4);

All results were obtained with the MUSL formulation.

6.3.1 Taylor anvil test

The Taylor anvil test is a well suited problem to evaluate the performance of elasto-plastic constitutive models and numerical
codes when large plastic deformations occur [Wilkins and Guinan, 1973, Johnson and Holmquist, 1988, Predebon et al., 1991].
This test involves a OFHC Copper cylinder of original length Lo = 25.4 mm, and original diameter Dy = 7.6 mm, hitting
a stationary rigid wall at a high velocity vg = 190 m/s. It was used by Johnson and Holmquist [1988] to compare various
constitutive models for both OFHC Copper and Armco Iron. In their work, they performed experiments to determine the
material parameters for these two materials using different constitutive models. They also performed numerical simulations to
compare the models. Herein, we are interested in how the MPM prediction of the deformed bar in terms of the final diameter,
bulge and length (see Fig. 76 for an illustration of these quantities) compares with the experiments. This problem is now
solved using the standard MPM and the TLMPM. In the literature, this test has been studied using the axi-symmetric standard
MPM [Sulsky and Schreyer, 1996] and recently by Liang et al. [2019].

This material is modeled using the elasto-plastic constitutive model presented in Appendix B.3, but without damage and
temperature effects. The material parameters used are taken from Sulky’s work and are listed in Table 5. The performance of
the MPM is accessed using the error measure introduced by Johnson and Holmquist [1988] and defined as:

- 1[|AL| |AD| |AW
A:—[' | 1401, | q (6.19)

3 Lt Dt Wr

where L7, D7 and Wr are the length, diameter and bulge measured experimentally and AL = Ly — L7, AD = Dy — D
and AW = Wy — Wr. The MPM length, diameter and bulge are denoted by Ly, Dy and Wy, respectively. All these lengths
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Figure 76: Taylor bar impact for an elasto-plastic OFHC copper cylinder given an initial downward velocity of 190 m/s.
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are measured based on the distances between particles marked in Fig. 76. As it is impossible to have particles at exact
locations defining the bulge W, our prediction for W is worse than the length and the diameter. Locating these particles and
their distances were done manually using tools provided in Ovito [Stukowski, 2009].

Material parameters Parameters for Johnson-Cook model Parameters for EOS
Density 8940 kg/m®> A 65 MPa co 3933 m/s
Young’s modulus 115 GPa B 356 MPa So 1.5
Poisson’s ratio 0.31 C 0.013 Io, 0O

n 0.37

Table 5: Material parameters for the OFHC Copper material used in the simulation of the Taylor bar impact test.

Figure 77 shows the distribution of the material points and the grid used in the ULMPM and TLMPM. As can be seen, the
TLMPM requires a grid just encompassing the solid in its initial undeformed configuration, while for the ULMPM the grid
must cover a larger space that will cover the entire deformation space of the solid. For the TLMPM (linear shape functions),
the cell size is # = 0.25 mm with 1 material point per element for a total of 74 052 points. For the ULMPM (or just MPM)
we use the hat functions and the cubic B-spline functions (BSMPM). Eight particles per cell are used for both cases. The
presence of the wall is simulated by zeroing v,y of the bottom nodes (where the wall is located).

(a) ULMPM (b) TLMPM

Figure 77: Taylor anvil test: initial particle distribution and grid of ULMPM and TLMPM. Note that the cylinder axis is in
the x direction and for the TLMPM there is no gap between the cylinder and the wall.

Figure 78 presents the geometry (looking from the bottom) of the deformed cylinder at the end of the simulation i.e.,
t ~ 63 us when the kinetic energy is close to zero. All MPM variants perform very well and much better than LS-DYNA
SPH given in Ma et al. [2009a]. Fig. 79 presents the deformed configuration of the bar. The predicted values by TLMPM
and ULMPM (MPM and BSMPM) for the final diameter, bulge and length are given in Table 6. Also presented is the results
from Sulsky and Schreyer [1996], just for reference.
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Figure 78: Final configurations of the Taylor bar (bottom view). The black squares denote the background grids.

(a) TLMPM (b) MPM (c) BSMPM

Figure 79: Taylor anvil test. Deformed configurations obtained with different MPM variants. The color presents the equivalent
plastic strain. Visualization done with Ovito [Stukowski, 2009].

Experiment TLMPM MPM BSMPM MPM (Sulsky)

Diameter [mm] 13.5 13.9 144 139 14.6
Bulge [mm)] 10.1 94 8.9 9.5 9.12
Length [mm] 16.2 16.2 172 16.5 18.3
Al-] n/a 0.03 0.08 0.04 0.1

Table 6: Results of the Taylor anvil test.

Remark 39 It was this Taylor anvil test that led Ma et al. [2009a] to observe that explicit MPM is faster than LS-DYNA
ULFEM, but with a slightly lower accuracy. In our humble opinion, having a faster method would not make industry people

to choose it. This is simple as people are so familiar to the FEM and there are excellent FEM packages with user friendly
user interfaces for both pre and post processing.

6.3.2 Tensile test specimen experiencing necking and damage

As a simplest demonstration for problems exhibiting large plastic deformations and eventually fracture, we present 3D
simulations of smooth cylindrical tensile samples made of ductile Weldox steels all the way to failure. The MPM results
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will be compared with experimental results given in Dey et al. [2004, 2006] and also with the FEM (using Abaqus Explicit).
The ability to handle very large deformation and fracture is important for a large range of important engineering problems
such as wear, material penetration etc. As we have previously demonstrated, the TLMPM is the most efficient and accurate
MPM to date, we thus use it for these simulations. As will be seen, the TLMPM is stable when material instabilities occur
as experienced during necking, and it can simulate damage and fracture of ductile materials without requiring any algorithm
changes, contrary to Total-Lagrangian Smoothed Particle Hydrodynamics [de Vaucorbeil and Hutchinson, 2019].

The tensile specimens are 3D smooth cylinders of 30 mm in length and 6 mm in diameter made of three different
Weldox steel alloys: W460E, W700E, and W900E. These materials were selected because material parameters for the widely
used Johnson-Cook constitutive model (see Appendix B.3) are available [Dey et al., 2004]. For these three alloys, their
material parameters are directly taken from the literature and are listed in Tables 7 and 8. All simulations are supposed to be
quasi-static. Therefore, the influence of the strain rate is not taken into account which is why C = 0 for all.

po [kg/m3] E (GPa) v ¢o[m/s] Sy Ty

7750 211 033 5166 15 O

Table 7: Material parameters for Weldox steels. pg is the reference bulk density, £ Young modulus, v Poisson’s ratio,
co = v E/(2(1 —2v)pp) is the bulk speed of sound, Iy Griineisen Gamma in the reference state.

Material Yield stress  Strain hardening Damage

A (MPa) B (MPa) n C D1 D2 D3 D4
Weldox 460E 499 382 0458 0 0.636 1936 -2.969 -0.0140
Weldox 700E 859 329 0.579 0 0.361 4.768 -5.107 -0.0013
Weldox 900E 992 364 0.568 0 0.294 5.149 -5.583 0.0023

Table 8: Material constants for the Johnson-Cook constitutive model and damage criterion as proposed by Dey et al. [2006].

For each of the three materials, the TLMPM simulations are performed using each of the three different shape functions
presented in Section 3: linear (hat functions), cubic B-splines, and quadratic Bernstein polynomials. For all these simulations,
the specimens were discretized using a single particle for each cell of the background mesh, when they lie within the solid’s
limits. The nodes of the background mesh coincident with the top and bottom faces of the cylinders were subjected to a
velocity £v of the form v;,4 (1 — e~ ") along the specimen’s axis. A high velocity of v;;4x = 1 mm/ms was chosen in order
to decrease the computational time and has no impact on the results as no strain rate effect was taken into account.

The results of these simulations are presented in Fig. 80, alongside results from FEM simulations (carried out by the
authors) and experimental data published by Dey et al. [2006]. One can see that the stress-strain curves as predicted by the
TLMPM is in very good agreement with the FEM. Also, as expected, after damage initiation a steady decline of stress is
observed, similarly to what happens in the finite element results, but with greater stability. Finally, the numerical simulations
are in reasonable agreement with the experimental data. For all that, they do not quantitatively predict the strain at failure.
This was expected since all the materials parameters are directly taken from the literature and no calibration was carried out
in order to obtain a better match.

Figure 81 shows the typical evolution of both the equivalent stress and damage variable inside a tensile sample. It shows
formation and evolution of necking in the specimen, as well as how the damage initiates and propagates inside the sample.
These results prove that the simulation of ductile materials all the way to failure is possible using the TLMPM. Note that one
should be careful when using the ULMPM for modeling fracture as numerical fracture is inherent in any particle methods
adopting an UL formulation [Homel et al., 2016].

6.3.3 Thin walled tube under lateral loading

To evaluate the application of the MPM for the design of energy absorption systems, Sinaie et al. [2018b] carried out a series
of 3D simulations on thin-walled tubes. The setup of the simulations, i.e. geometry, material constants, loading and boundary
conditions, were based on three separate sets of experiments reported in the literature. They include the quasi-static tests
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Figure 80: Comparison of the stress-strain curves obtained with the TLMPM, FEM and experimentally by Dey et al. Dey
et al. [2006].
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Figure 81: Details of the evolution of the equivalent von Mises stress (0e4) and the damage (D) distribution during the tensile
test of a W460E smooth cylinder using linear shape functions. Visualization done with Ovito [Stukowski, 2009].

Engineering stress (MPa)

carried out by Xiang et al. [2017], the high velocity impact tests by Xu et al. [2015] and the wave propagation tests by Shim
et al. [2007]. Schematics of the experimental setups are illustrated in Fig. 82.

For the MPM simulations, material parameters and geometry dimensions are given in Tables 9 and 10. A simple small
strain J2 plasticity model with isotropic hardening was adopted. Fig. 83 shows the cross section of the tube, specifically
focusing on element density in terms of the number of CPDI-Tet4 particles along the circumference and across the thickness
of the tube. There is only one layer of particle along the length direction and all the z-components of the nodal quantities are
set to zero. All contacts between the sample and the load platens (or walls) are no-slip. And thus, the inherent contact capa-
bility of the MPM was exploited. Furthermore, the load platens and the walls are modeled as rigid bodies using rigid particles.

Using these three sets of experiments, it was demonstrated that the MPM models successfully predict the quasi-static,

dynamic and wave-propagation characteristics of thin walled tubes. Sinaie et al. [2018b] also examined the effect of grid
resolution and particle count on simulation results. They proposed a set of guidelines for grid spacing and number of particles
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Figure 82: Schematics of the three different tests carried out in the reference papers. (a) Quasi-static compression tests by
Xiang et al. [2017], (b) Impact tests by Xu et al. [2015] and (c) Wave propagation tests by Shim et al. [2007].

Variable meaning Experiments

Xiang et al. [2017] Xu et al. [2015]

D inner diameter 47.9 mm 25.4 mm

t thickness 1.48 mm 0.91 mm

0 density 7800 kg/m? 2760 kg/m?
E elastic modulus 210.0 GPa 70.0 GPa
oy yield stress 310.0 MPa 290.0 MPa
b hardening parameter 4.0 10.0

0 hardening parameter 150.0 MPa 60.0 MPa

Table 9: Geometric and material properties of the quasi-static and impact tests.

Table 10: Geometric and material properties of the wave speed problem [Shim et al., 2007].

D diameter 38.1 mm
t  thickness 1.0 mm
p  density 2693 kg/m?

E elastic modulus 65.9 GPa

per grid, in relation to the radius of the ring and its thickness. Some details are given below.

Quasi-static compression. Snapshots of the quasi-static simulation are shown in Fig. 84. Simulations were carried out for
different levels of model refinement, specifically in terms of grid resolution and element density. Unsurprisingly, simulated
results demonstrated increasingly better agreement with experimental results as the model refinement is increased. However,
at a deeper level, these graphs also illustrated the underlying contribution of grid resolution and element density. This becomes
especially helpful where one has to sacrifice accuracy for runtime performance.

High velocity impact. Fig. 86 shows snapshots for the high-velocity impact of thin walled tubes on a rigid wall. Results are
given for different initial velocities in Fig. 87. These include the peak force, the rebound velocity and the contact duration

and indicate a good agreement with measurements from the experimental work of Xu et al. [2015].

Stress wave propagation. Fig. 88 shows snapshots of the simulations on wave propagation in thin walled tubes. Through
simulations, the time duration for the stress wave to travel from the excitation point at the top of the ring to the bottom of the
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Figure 83: Illustration of the simulated tube showing divisions along the circumference (360 units) and divisions across the
thickness (8 units). Each blue box in the magnified view represents a single CPDI-Tet4 division unit.

0%

20% 40% O%

Figure 84: Snapshots of the simulations carried out on thin walled tube under quasi-static compression [Sinaie et al., 2018b].
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Figure 85: Simulated force-deformation curves in comparison to the experimental curve from Xiang et al. [2017]. Each
figure corresponds with a value of /y—the grid cell size. The number of CPDI elements along the circumference and across
the thickness are the values following C and T, respectively.

Vo = 72.7 m/s

0.1 ms [0.2 ms] [0.3 ms] [0.4 ms] [0.5 ms]

Figure 86: Snapshots of the simulations carried out for high velocity impact of thin walled tube on rigid wall [Sinaie et al.,
2018b].

103



N

20

)

=]
o
=)

: : Z
& ] = o - "
5 2
4 . > ) g 2% 2% ¢
& 6 £ 6 ol £ 4%
L2 @® S 1| ad o8 g 025 g8
S & E s A E
8 é o "o E = Exp.
< ﬁ ? g . 3 ASim. G1.0_C180_T16
£ 2 g 0Sim. G0.5.C180_T16
o}
0 Z 0 0
0 60 120 0 60 120 0 60 120
velocity (m/s)
(a) (b) (c)

Figure 87: Comparison of simulation and experimental impact responses. Experimental data from Xu et al. [2015]. Grid
spacing (in mm) and number of CPDI elements along the circumference and across the thickness are the values following G,
C and T, respectively.

ring, was measured to be 11.5 ps. This is in good agreement with the experimental measurement of 11.4 us, as was given by
Shim et al. [2007].
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Figure 88: Snapshots of the simulations carried out on thin walled tube for stress-wave travel, Sinaie et al. [2018b].

Remark 40 We emphasize that the FEM (with one-point quadrature shell elements) performs better than the MPM for the
simulations presented in this section. Our aim was to validate the MPM for simulations of thin-walled structures subjected
to various excitation conditions.

6.3.4 Cellular structures under lateral loading

Building up on their previous work, Sinaie et al. [2019] continued to evaluate the performance of the MPM, this time for
cellular structures. They carried out 3D simulations of the experiments of Langrand et al. [2017] and Shim and Stronge
[1986]. Schematics of these experiments are illustrated in Fig. 89. These are signature applications of the MPM: simulations
involving many contacts.

The MPM model is shown in Fig. 90. This is a 3D model but with only a single layer of particles in the z-direction.
Fig. 91 shows the two parameters used to create models with different levels of refinement. The include the spacing of grid
points /¢ (equal in both directions) and the number of material points within each grid cell n,, (along each axis). Material
parameters and geometry dimensions of both tests are given in Table 11. Again, contacts between the sample and the load
platens and contacts between the structure walls are no-slip. The standard MPM (with hat functions) and the MUSL algorithm
were used for all simulations.

Fig. 92 shows the simulation results of Sinaie et al. [2019] in relation to the experimental setup of Langrand et al. [2017].
These include force-deformation curves, or more precisely equivalent stress versus equivalent strain, for different values of the
grid spacing /¢ and particle density 7,,. The results indicate a continuous convergence of simulations towards experimental
measurements as a result of increased model refinement. These also indicate the contribution of /; and n,, towards the
improvement of the simulation results.

Fig. 93 shows simulated force-deformation curves obtained using a large-strain and a small-strain elasto-plastic constitu-
tive model. Details on the two models can be found in Sinaie et al. [2019]. As seen from this figure, both formulations yield
the same curve, indicating that although the overall deformations are large, there is no need to use a large-strain formulation.
The authors attribute this to the small time steps used for the simulations. As a side effect, these time steps turn out to be small
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Figure 89: Schematics of the samples and test setup used by (a) Langrand et al. [2017] and (b) by Shim and Stronge [1986].

(a) (b)

Figure 90: Layout of the material points in the x-y-z coordinate system. This numerical setup is used for the samples tested
by Langrand et al. [2017]. The tubes are welded together with a braze length /.
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Figure 91: Discretization of bodies into distinct material points which lie within a background grid. Grid spacing is denoted
by I and the offset between material points is equal to ds = lg /1. The particle volume is ds>. This is a regular particle
distribution discussed in Section 4.1.1.
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Table 11: Geometric and material properties of the tests carried out by Langrand et al. [2017].

Variable meaning Experiments

Langrand et al. [2017]  Shim and Stronge [1986]

D tube outer diameter 5.0 mm 12.69 mm
t tube thickness 0.5 mm 0.71 mm
/ sample length 40.0 mm 12.76 mm
b sample width 40.0 mm 126.9 mm
h sample height 42.0 mm 126.9 mm
Iy braze length 1.5 mm
Material Inconel 600 Aluminum
0 density 8250.0 kg/m? 2700 kg/m?
E elastic modulus 197.6 GPa 70.0 GPa
oy yield stress 280.0 MPa 70.0 MPa
b hardening parameter 15.0 35.0
hardening parameter 420.0 (MPa) 55.0 (MPa)

lg = 0.2 mm lg = 0.1 mm
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Figure 92: Force-deformation curves at different levels of refinement of the numerical model. Experimental curves are
extracted from Langrand et al. [2017].
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Figure 93: Comparison of large-strain and small-strain plasticity formulations using the sample tested in Langrand et al.
[2017]. The particle assembly is created with [ = 0.2 mm and n,, = 6.

enough to eliminate the need for a large-strain model. Section 6.3.4 presents the deformed configurations of the structure at
different levels of compression.

Fig. 95 shows the simulation results of Sinaie et al. [2019] in relation to the experimental setup of Shim and Stronge
[1986]. These include force-deformation curves (or more precisely equivalent stress versus equivalent strain) for different
values of the grid spacing /, and particle density 7n,,. Note the main difference between the setup used by Shim and Stronge
[1986] and that of Langrand et al. [2017] is the existence of lateral constraints (Fig. 89). The results indicate a continuous
convergence of simulations towards experimental measurements as a result of increased model refinement (/g and 7,y).
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Figure 94: Simulation snapshots of the experiment of Langrand et al. [2017] taken at different levels of compression.
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Figure 95: Force-deformation curves at different levels of refinement of the numerical model. Experimental curves are
extracted from Shim and Stronge [1986].

7 Conclusions

As Prof Sulsky once said ‘the MPM is a work in progress’. The result of this progress made over the last two decades is
a simple and efficient platform for simulating challenging solid mechanics, fluid mechanics and fluid-structure interaction
problems. This paper has presented a unified picture of the MPM covering its theory, implementation and applications. Both
the updated Lagrangian and the total Lagrangian MPM formulations have been discussed. Various weighting functions
employed in those MPM formulations including low order weighting functions such as the well known hat functions,
high order functions such as GIMP, B-splines and Bernstein functions, as well as CPDI have been presented. A weakly
compressible MPM for fluid and gases as well as algorithms for coupled thermo-mechanical problems were also outlined.

The computational algorithms presented in this contribution were implemented in various in-house codes. These codes
were then used to produce all the materials reported herein. Therefore, all the results and figures are original. Furthermore,
all simulations were verified either against exact solutions or experimental findings. Our discussion on the MPM is thus
trust-able. For reproducible research outcomes, our code Karamelo is made open source.

In the remaining of this section, we briefly summarize what the MPM is good at and present aspects that need further
improvements.

7.1 Application domain of the MPM

From our literature survey and our own experiences, the MPM is very suitable for problems exhibiting very large deformation
and contacts. Indeed, it has been demonstrated that the MPM is much faster than the FEM implemented in commercial
FE packages for such problems. Particularly, for the simulation of full densification of foam materials [Bardenhagen et al.,
2005], the MPM seems to be the only tool that can do the job. For large deformation thermo-mechanical problems typically
encountered in manufacturing processes, Leroch et al. [2018] also mentioned that the MPM is faster than the FEM.

Another area where the MPM is promising is image-based simulations. This is due to the fact that converting an image
to a set of material points is much easier than building a body-fitted finite element mesh. Note that, this attribute applies to
any meshfree method, not just the MPM.

The MPM is certainly not the best method to model fluids and gases. Nonetheless, it could be an efficient method for
fluid-structure interaction (FSI) problems as it provides a unified FSI solver. Alternatively, the MPM can be used only for
the solids and a more efficient method (e.g., finite volume method) is used for the fluid, if the solid undergoes very large
deformation.
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7.2 Improvements and future works

As with any numerical method, the MPM has its own set of shortcomings. In particular, the following items

e large memory footprint since both grid and particles are needed;

formal analysis (convergence, error and stability) of the MPM is extremely difficult;

e enforcement of boundary conditions is difficult compared with FEM;

lack of structural elements; and

damage/fracture modeling.

The first item was not discussed in details in the engineering community. On the other hand, computer graphics researchers
started using Sparse Paged Grid (SPGrid) to reduce the storage footprint [Gao, 2018]. The formal analysis of the MPM is
extremely difficult due to the irregular distribution of the particles but also due to their relative motion with respect to the
grid. The method of manufactured solution has been proved to be useful for convergence analysis of the MPM. However,
only manufactured solutions for time-independent hyperelastic materials were developed. We need manufactured solutions
for rate-dependent and history-dependent materials. Furthermore, no MPM variant performs well for the generalized vortex
problem. For this problem, the TLMPM constitutes a good candidate as it eliminates almost all deficiencies of the MPM (cell
crossing instability and quadrature error). And yet, its error plateaus for very fine meshes.

The difficult enforcement of boundary conditions is due to the lack of an explicit representation of boundaries. But, it is
still easier than some other methods (e.g., SPH).

A note on efficiency and complexity is in order. Efficiency decreases with greater complexity of the numerical technique;
nevertheless, the accuracy of the numerical solution is generally increased with increasing complexity. A compromise must
be reached between efficiency and accuracy. Based on findings on hydrocodes, second-order accurate methods appear to be
computationally more efficient than high-order methods, see e.g., Anderson Jr [1987]. That is why Sulsky and Gong [2016]
aimed for second-order accuracy with their improved MPM. It is worthy noting that the standard MPM (with hat functions)
when used with the modified update stress last algorithm is very robust and seems to be locking free.

We observe a lack of MPM formulations for structural elements such as beams and shells. And we do not know why.
Note that bars and membranes were modeled within the MPM in Gilmanov and Acharya [2008b] (membranes) and Lian et al.
[2011c] (bars). However, these formulations are actually a FEM-MPM technique. A pure MPM formulation for structural
elements is not yet available.

Also, damage and fracture is not studied as much as with the FEM and meshfree methods such as EFG and SPH. A
majority of works on fracture simulations using the MPM do not perform mesh sensitivity analyses. Even though post-
processing simulation results generated by a particle method can be done with softwares such as Ovito or VisIt, pre-
processing tools for particle methods, in particular the MPM, have not yet been developed.

As can be seen from this review, the MPM is in a state of rapid evolution. It has captured the interests of a broader
community of researchers whose different and sometimes divergent skills and backgrounds can be used tackle pending
limitations of the MPM. Furthermore we have witnessed collaboration between researchers from different fields such as the
work presented in Gaume et al. [2018] which is a collaboration between engineers and computer graphics researchers.
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A The method of manufactured solutions (MMS)

The method of manufactured solutions (MMS) provides a framework to verify nonlinear codes. In the MMS, the solution (i.e.,
the displacement field) of the model equations is assumed a priori i.e., being manufactured. Given the assumed prescribed
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displacements, the constitutive model can be evaluated to determine the corresponding stress field. Next, the divergence
of the stress and the acceleration are evaluated, and the required body forces to achieve these solutions are analytically
determined from the equations of motion. Note that boundary conditions (e.g., for the velocities) and initial conditions
(e.g., for the velocities and stresses) are also determined from the manufactured solutions. One then execute the code
(an MPM code in our context) with this body force vector and boundary/initial conditions. The numerical solutions are
then compared with the manufactured ones [Knupp and Salari, 2003]. An excellent report on the MMS can be found at
http://prod.sandia.gov/techlib/access-control.cgi/2000/001444 . pdf.

Wallstedt and Guilkey [2008] was the first to use the MMS to check the convergence of the MPM. Since then, the MMS
has been used more. For example, a suite of code verification tests for solid mechanics problems is presented in Kamojjala
et al. [2015] for rate-independent constitutive models.

For readers unfamiliar with the method, Section A.1 presents a step-by-step derivation of the body force for a 1D problem.
This is followed by a discussion on error norms in Section A.2. Appendix A.3 provides a procedure to obtain the so-called
convergence curve and convergence rate for a chosen manufactured solution.

A.1 An one dimensional manufactured solution

To demonstrate the MMS, in what follows we present the method in one dimension. It should be noted that the solutions are
typically manufactured in the total Lagrangian form i.e., with respect to the initial configuration in the MMS as it is more
convenient.

The manufactured displacement is assumed to be

u(X,t) = Gsin(zX) sin(cmt) (A1)

where G is the maximum amplitude of the displacement; ¢ = /E/p and E denotes the Young’s modulus. The period is thus
givenby T = 3—;; X denotes the material coordinates i.e., coordinates in the reference configuration. The spatial domain is
0 < X <1 and the time domainis 0 < ¢ < T i.e., one period of oscillation is considered. As can be seen, the manufactured
displacements expressed in terms of sine and cosine functions i.e., smooth functions are commonly used, see e.g., Wallstedt
and Guilkey [2008] even though they are not representative of general material deformations.

The velocity and acceleration are thus given by

v(X,t) = wcGsin(wX) cos(cmt)

A2
a(X,t) = —n2c2G sin(nX) sin(cnt) = —n2c?u(X, 1) e

where Equation (A.1) was used.
One has to choose a constitutive model so that the stress can be determined analytically. We use a Neo-Hookean material
where the 1% PK stress P is given by

P=AIn(J)F ' + uF " (FF —1) (A.3)

with A, u being the Lamé constants and J = F is the Jacobian of the deformation. The deformation gradient F' is written by
using the displacement given in Equation (A.1)

0
F(X,1) =1+ a—; — 1 4 7G cos(xX) sin(cnt) (A4)
which results in the following expression for the spatial derivative of F'
oF 2 _ 2
A —n-Gsin(wX) sin(cnmt) = —m-u(X,t) (A.S)

where use was made of Equation (A.1). The divergence of the stress, appearing in the linear momentum balance equation, is
thus given by

P OF [ A 1
— =—|—==({0—-In(F 14+ — A.6
%= |70 (1455 | (A6)
From the momentum equation given as follows
apP
poa(X,t) = — + pob(X,1) (A7)

X
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one can solve for the body force

b(X,1) =

m2u(X, 1)
o [ F?

(1—1n(F)) + (1 + L) - E} (A.8)

Besides, initial conditions are given by

v(X,0) = wcG sin(wX)

1 (A.9)
0(X.0) = — (AIn(F(X.0) + p(F(X.0)F(X.0) = 1)) = 0

and boundary conditions are written as
v(0,2) =0, wv(l,1)=0 (A.10)

Now, one has a well defined problem, which can be solved using an MPM code. The obtained numerical displace-
ment, denoted by uh (X, 1), is then compared it with the manufactured (exact) displacement in Equation (A.1) to assess the
performance of the MPM. One needs a norm for this comparison, which is discussed in what follows.

A.2 Norms

In order to assess the accuracy of the numerical solution, one needs a measure of the error made compared to the analytical
solution (i.e., the manufactured solutions). However, what error measure to be adopted is confusing as different authors used
different definitions. Even worse, some researchers adopted different error measures in different related works. It seems to
the authors that their aim was to get convergence forcefully. Therefore, in this work, we used two different errors, the first is
un-normalized while the second is. The first error is based on the “distance” measure between the numerical and analytical
solution and integrated in space. This measure is a function of time, and at time step ¢” it is defined as:

t” h(tn exact ny| |2
(z”)—\/Z 1V o) — w1 (A.11)

Vtot

where u’? L (1") = x — X, is the numerical displacement at particle p, u™**(X,,, 1) is the exact (manufactured) displacement
at p, np is the total number of particles in the solid and Vi, its total volume. In the above equation, ||a|| denotes the Euclidean
norm of vector a. However, to not have to compare the error at every time step, the first error measure is taken as the overall
maximum of the error function:

ey = ml?x(e(t")) (A.12)

This measure of error is not normalized and has the dimension of length. It is therefore dependent on the maximum amplitude
of the displacement. One can normalize the error to make it dimensionless. The normalized error measure is defined as

f Vt” uh(t”) uexact (X, ¢1) 2
o [T I o -
2 otn=o p=1 V;f H“exaCt(vatn)H

For the TLMPM, as the spatial integration is carried over the initial configuration, one just simply replaces VP’ " by Vp0 in
Equations (A.12) and (A.13).

A.3 Convergence rate

It is well known that the error of the numerical solution measured in some norms is related to the element size / by the
following equation

e(h) ~ Ch*® (A.14)
where C is a positive constant, k(p) is a positive integer and p denotes the order of the basis functions — p = 1 for linear
elements, p = 2 for quadratic elements etc. Equation (A.14) furnishes a practical way to check the convergence of a numerical
method by taking the logarithm of both sides of the above equation

e(h) ~ Ch* = log(E(h)) ~ log(C) + k log(h) (A.15)
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which indicates that on a log-log plot the relation between the error and the mesh size is a line with a slope k; k is also called
the convergence rate.

For time dependent problems, to manifest the expected theoretical (or optimal) convergence rates in space, the time
step and spatial mesh size must be selected such that the space discretization errors dominate the time discretization errors.
Consequently, rather small time steps must be taken. We refer to Strang and Fix [1973], Ciarlet and Lions [1991] for a formal
treatment of the mathematical analysis of the FEM which can serve as a basis for the analysis of the MPM.

A practical procedure to verify the convergence rate of a dynamic MPM code is as follows

Manufacturing a solution and determining the corresponding body forces and initial/boundary conditions;

Using an MPM code with body forces, initial/boundary conditions determined from the first step. Repeating this step
for different mesh sizes from large to very small;

Defining a proper error norm and compute these norms for every considered meshes;

Plotting the errors and the mesh sizes 4 on a log-log scale.

One convergence data is given in Table 12. As can be seen three meshes are used with a starting mesh size 7 equals 0.125,
and the second mesh size was halved from the first mesh and so on. A convergence curve is obtained by plotting this data and
the convergence rate is the slope of the convergence curve in the log-log space and this rate can be conveniently determined
in Matlab using the polyfit command. Alternatively this rate can be obtained by computing the ratios between successive
erTors.

Mesh size h Error e ratio
0.1250000 7.281254249028449¢-06

0.0625000 3.777609954416918e-06 1.93
0.0312500 1.916379665584172e-06 1.97

Table 12: An example convergence data produced by a second-order accurate (in space) method.

B Constitutive models

This appendix presents some commonly used material models for solids. A model for isotropic linear elastic materials is
given in Section B.1. A nonlinear elastic model suitable for solids undergoing large elastic deformation such as rubbers
and polymers is considered in Section B.2. Appendix B.3 presents the widely used Johnson-Cook elasto-plastic model in
conjunction with the Mie-Griineisen equation of state. We choose not to give a full exposition of the model and its surrounding
theory but, instead, direct the reader to appropriate references where further details can be found. In our implementation,
symmetric strain and stress tensors are stored as 3x3 matrices which is different from the common Voigt notation, often
presented in FEM textbooks, where they are stored as column vectors. This is to make easy for matrix operations such as the
polar decomposition of the deformation gradient tensor.

B.1 Linear elastic isotropic material

For isotropic linear elastic materials, the stress tensor is given by

0ij = A€xibij + 2ueij, 0 = (Atre)l + 2ue (B.1)

where A and u are the Lamé’s constants. The stress tensor is also often written in terms of a hydrostatic and a deviatoric part

o = (Ktre)l + 2G¢€’ (B.2)
where €’ denotes the deviatoric strain tensor, and the bulk modulus K and shear modulus G are given by

34+ 2u
==
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which are related to the Young’s modulus E and Poisson’s ratio v by the following equation

9KG 3K -2G

E=—— = — B.4
3K+G T 23K +6) B4
The stress update is written as
1
a;—i-At — 0—; + (A’trAep)I—F 2/1/A6p, AGI; — AZD;+AI, D;—i—At — 5(L;-i-At + (L;-i-At)T) (BS)

B.2 Neo-Hookean

The Neo-Hookean model is an isotropic hyperelastic material model which exhibits characteristics that can be identified with
the familiar material parameters found in linear elastic analysis [Bonet and Wood, 1997]. For this material model, the 15¢
Piola-Kirchhoff stress tensor P is expressed as a function of the deformation matrix F and the Lamé constants p and A as
follows:

P=pu@F-F 1) +AmJFT (B.6)

where J = detF.
Such formulation is convenient to be used with the total Lagrangian scheme, but for other schemes, the use of the Cauchy
stress tensor o might be more appropriate. Since ¢ = %PFT, Equation (B.6) becomes:

o= % [W(FFT —1) + A 1n J1] (B.7)

B.3 Elasto-plastic materials

Material modeling can be divided Into three areas: volumetric response, or resistance to compressibility (equation of state),
the resistance to distortion (constitutive); and the reduction in ability to carry stress as damage accumulates (failure). This
section presents a temperature dependent hypoelastic-damage-plastic material model. The model is applicable to large strain
and large rotation problems and suitable for problems when the elastic deformation is negligible compared with the plastic
one.

To deal with the non-invariance of the stress rate under rigid body rotation [Bonet and Wood, 1997], the rigid body motion
is eliminated from the strain rate, and thus from the stress rate. This is achieved by first performing a polar decomposing
of F in rotation R and stretch U parts, i.e. F = RU, using the singular value decomposition. Then, the rigid body rotations
are subtracted from the strain rate tensor D to obtain the un-rotated strain rate tensor d = RTDR. Once the un-rotated
stress rate is integrated into the un-rotated stress ¢’ using Algorithm 12, the later is rotated back to the current configuration:
o = Ro’R”. Note that this is an alternative to objective stress rates presented in Equation (2.15).

The Cauchy stress tensor o is expressed as the sum of its isotropic part, i.e., the hydrostatic pressure (p), and the traceless
symmetric deviatoric stress . An equation of state (EOS) is used to determine the hydrostatic pressure, see Appendix B.3.1.
The deviatoric response is determined using a plastic flow rule in combination with a yield condition. The von Mises yield
condition is adopted here. Moreover, when fracture is taken into account, it is modeled using the classic continuum damage
mechanics approach. That is, the stress tensor scales linearly with a damage variable D [Lemaitre, 1985]. In summary, the
model equations are

o=—pl+o? (stress decomposition)

p =EOS(p,e,D,--+) (equation of state)

d? = g9 4+ q4-p (strain rate decomposition)

¢ = (1— D)2G(d? — a%-?) (isotropic hypoelastic) (B.8)
f i=0q—0r <0 (von Mises yield condition)

4P = )L(,;jr—fd (associated plastic flow)

f <0, A >0, A f=0 (Karush-Kuhn-Tucker conditions)

where G is the shear modulus; A is the plastic multiplier, d? is the un-rotated deviatoric strain rate with d%-¢ and d%-? are

the elastic and plastic parts, respectively; o is the flow stress to be discussed in Appendix B.3.2, and 0¢q = 4/ %ad 104 is
the equivalent von Mises stress.
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B.3.1 Equation of state

The hydrostatic pressure is determined using the Mie-Griineisen EOS modified to account for damage [Wilkins, 1999]:

I
po(l = D)cg(n—1D|n——=m—1)
p 2 + Toe; 7 p(l_D)ifﬁ>O
= 0€; = —
[ — Se(n—DJ? Po (B.9)
2n—Din—2m-1
5 = PO o= Dln=5 (Z ) + Tge; n= L otherwise
[n— Sa(n—1)] Po
where cg is the bulk speed of sound, Iy the Griineisen Gamma in the reference state. S, is the linear Hugoniot slope
coefficient. Note that positive pressure is compression.
The internal energy e is written as

e = Cypo(T —T7) (B.10)

where C, denotes the specific heat at constant volume.

B.3.2 Johnson-Cook flow model

According to the Johnson-Cook’s flow stress model scaled with damage [Johnson and Cook, 1985], the equivalent von Mises
flow stress is written as

0f(eprip. T) = [A B (e,,)”] [1+Ces][1— ("] (1-D) (B.11)

where ¢, is the equivalent plastic strain, 8; is the normalized plastic strain rate, A the yield stress, B and n the strain hardening
parameters, C the strain rate parameter, and m a temperature coefficient. This model has five experimentally determined
parameters that describe quite well the response of a number of metals.
The normalized plastic strain rate and the homologous temperature 7* are given by:

ke e « I =T

&, épléo, T T. T, (B.12)
where &, and éq are the plastic strain rate, and the user-defined reference plastic strain rate, respectively; 7, denotes the
reference temperature and T}, is the reference melting temperature. Unless otherwise stated, &9 = 1.0 s™!,

Remark 41 As can be seen from Equation (B.11), the effect of plastic strain, its rate, temperature and damage are coupled
by being multiplied by each other. In case that damage is not interested, its bracket is simply omitted. Similarly, if thermal
softening is not needed, the corresponding bracket should be skipped. The temperature T can be computed solving a heat
diffusion equation or it can be simply obtained from the plastic work. For high strain rate deformation, there is not sufficient
time for heat conduction, and thus adiabatic condition prevails, the temperature increase can be computed as follows

X
AT = ——o0rAe (B.13)
pCp f p
where 0 < y < 1 is the Taylor-Quinney coefficient that determines how much the plastic work is converted into heat. For
metals, y = 0.9 is often used.

B.3.3 Damage

The amount of damage (D) in each particle is determined using the Johnson-Cook damage model, widely used for engineering
applications [Johnson and Cook, 1985]. It is a strain rate dependent phenomenological model based on the local accumulation
of plastic strain. According to this model, damage initiates when the accumulated equivalent plastic strain reaches the
equivalent strain at failure ¢ (see Fig. 96):

Aeg
Dy =) —2 =1 (B.14)
&f
where Agy, is the equivalent plastic strain increment. The equivalent strain at failure £¢ is given by Johnson-Cook’s empirical
equation:

gr = [D1+ Daexp(D30™)]|[1 + Daln(éy)][1 + DsT* (B.15)
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and where D1, ..., D5 are five material constants, 6* = — p /0, is the stress triaxiality.

As this model only describes damage initiation, in order to have a complete model of the fracture phenomenon, a damage

evolution model is required. Here, it was assumed that the damage variable is given by:

0

when 0 < Djnie < 1

D =
10 (Dijnic — 1)~ when Dy > 1

(B.16)

Even if this assumption affects the details of the damage propagation, it does not change the fundamentals of the
implementation. Other forms for the damage evolution can be used.

O—eq‘\ Dinit < 1, D = O Dinit == 17 D == O

Diwy=11,D =1

Figure 96: Schematic of a typical equivalent stress-plastic strain curve showing the evolution of both the damage initiation
variable Djp;; and the damage variable D. Three points are highlighted: the yield stress A4, the point at which damage initiates

Dinit = 1, and the point of total failure D = 1.

B.3.4 Algorithm

The complete stress update algorithm is given in Algorithm 11. The equivalent plastic strain and the the deviatoric stress
tensor are calculated jointly and incrementally according to the stress return algorithm developed by Leroch et al. [2016]
and shown in Algorithm 12. The damage is updated using Algorithm 13. As can be seen, the damage update is updated after
the deviatoric stress update. This is mainly for efficiency and easy implementation. Furthermore, the flow stress is assumed

to be constant during the stress update.

Algorithm 11 Stress update algorithm.

1: Inputs: 85, (equivalent plastic strain), a’td (un-rotated deviatoric stress), a4 ( un-rotated deviatoric strain rate)

Outputs: 8§,+At, 04 Ar

D =0.5(L + L")

Polar decomposition for F to get R and U
d = RTDR

d? =d— (1/3)tr(d)I

Compute a;_‘im(s’ , D)

Compute pressure p;1 a7 (D?)

Compute 07 ,, = a’t_‘f_Al + €t+ml
Compute 6,4+ 4r = Ro’, 4R

Compute damage D!+ 4!

RS A B AR U i

—_

> strain rate

> un-rotated strain rate

> un-rotated deviatoric strain rate
> Using Algorithm 11

> using an EOS

> un-rotated stress

> final stress

> using Algorithm 12




Algorithm 12 Plasticity algorithm proposed by Leroch et al.

1: Inputs: 8 (equivalent plastic strain), o, 74 (un-rotated deviatoric stress), d?, damage D’

2: Outputs: 8;+At (equivalent plastic strain), o, _‘f_ Ar

3: Compute G’ = (1 — D")G

4: a{rfgﬂ =0 rd 4 2G' Ard? > purely elastic stress deviator update
500000 = ia{rgl ol > equivalent von Mises trial stress
6: of = [A—I—B(e ) ][1 +Clné} ][1—(T*)m](1—D ) > JC flow stress
7. if oma] < oy then > yielding did not occur, purely elastic step
8 o;il = a{ril > keep trial deviatoric stress
9: else > yielding has occurred
10: Agp = ((rma1 —o0r)/(3G") > compute the equivalent plastic strain increment
11: ;,+A’ = 8 + Agp > update the undamaged matrix plastic strain
12: ,tji— AL = %a{rﬁl > scale deviatoric stress back to yield surface
13: end if

Algorithm 13 Damage algorithm.

I: Inputs: Ael, +41 (incremental equivalent plastic strain), 0 ;4 Ay, D! . (damage initiation variable)
2: Outputs: DfnJl:At (updated damage initiation variable), D*t4? (updated damage)
3: 0% = 0m/0eq > Compute stress triaxiality
4 gf = [D1 + D2 exp(D30™)|[1 + DalIn(ép)][1 + DsT™] > Strain at failure
6: if Dfn’;m > 1 then > Damage has initiated
7. Diyar= (Dfnj;A‘ -1)
8: else > Damage has not initiated
9: Diiar =0
10: end if

C An alternative CPDI derivation

In this section we present an alternative view of CPDI formulations following Nguyen et al. [2017]. This is to provide another
explanation of the CPDI approximation. And it also illustrates how one can couple the FEM with the MPM. We refer to
Section 1.2.2 for a discussion on this coupled FEM-MPM.

In the FEM-MPM, one first computes the internal force vectors at the nodes of the particle mesh and then map those
forces to the background grid nodes. Note that this technique of using a Lagrangian mesh to compute the forces and projecting
these forces to a Eulerian grid to resolve collisions is very common in computer graphics to simulate cloth, strands, and hair.
It is going to be shown that this procedure will yield internal force vectors which are identical to the ones obtained by using
the original CPDI. It is also shown that by lumping the mass at the particle corners and then project the corner masses to the
grid nodes, one obtains the same expression for the nodal mass mj as with CPDI. The discussion is, for sake of simplicity,
confined to CPDI-Q4, i.e., the particle domains are four-node quadrilaterals.

In order to demonstrate the equivalence of CPDI and FEM-MPM in two dimensions, we refer to Fig. 97. Recall that the
nodal internal force vector in the MPM is given by, cf. Equation (2.36)

)ir}t =—Vp |:(Uxx)p (xp) + (Oxy)p a¢ (Xp)]

b1 b1

. (C.1H
=" [(ny)pa_x(xp) + (Uyy)pg(xp)]

And the CPDI-Q4 derivatives are written as (from Equation (3.37))

¢1,x(Xp) 1 V24 V31 Y13
o] = 3 oo [+ e [ w22 [ mo ] e
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Figure 97: Equivalence between CPDI and FEM-MPM in two dimension. In the CPDI the particles (black dots) are truly
particles as they carry all the state. In the FEM-MPM, the particles do not carry stresses, instead they store the internal forces.
The stresses and internal variables are stored at the Gauss points (blue star) of the particle elements. The two approaches are
equivalent only for constant stress elements.

Substituting Equation (C.2) into Equation (C.1) results in the following explicit expression of the grid internal force vector
for the x component

: X X
f;r}t = NI(XI) ( Oxx + ; axy) + NI(XZ) ( Oxx + %ny)

(C.3)
+ Ny(x3) ( Oxx + 5 ny) + Ny(x4) ( Oxx + ;3 ny)

where subscript p was omitted to avoid clutter.
We focus now on the computation of the internal forces in FEM-MPM. Firstly, the internal force vector at node J,
J =1,2,3,4, of the particle element is given by

w__ [ [Nox O Nm}“” _ [Mﬁ 0 Nm] o
g /g [ 0 Njy Nix g)y; diz ; 0 Nsy Nixl, Zﬁi wglJ g (C4)
where g denotes the integration points, wg is the integration weight and |/ | is the determinant of the transformation from the
parent domain to the physical domain (see e.g., Hughes [2000] for details). Assuming that the stress field within the particle
element is uniform to be consistent with the CPDI, the internal force can be evaluated using one single quadrature point
positioned at the center of the element (wy = 4 and |J|g = V),/4) yielding the x-component of the internal forces at the
four corners:

int )’42 int __ V13
;11 =7 Oxx + nya ;3 = _2 Oxx + _ny
C.S5
int _ Y24 X42 int _ Y31 X13 (C.5)
+ —o0 + —
x3 — 2 Oxx 2 xXy» x4 — 2 Oxx 2 y

Now these internal forces at the nodes of the particle element are mapped to the background grid. At node I, we obtain

0 — Np(x1) S8+ Np(x2) £+ Np(xs) f5 + Np(xa) £ (C.6)

which results in an internal force identical to that of the CPDI given in Equation (C.3). One can repeat the same procedure for
the y component of the internal force vector which concludes the proof of the equivalence between CPDI and FEM-MPM.

Next, we prove that the nodal mass m; obtained using CPDI or FEM-MPM is identical. Recall that the lumped mass,
obtained by the row sum technique, at node ¢ of a quadrilateral is given by

M, :/ pN.AR = p (/ ch.(z) =M, (i/ ch.(z) (C.7)
19) 19) Vp Ja

Projecting these masses to the background grid, one obtains the nodal mass:

4

4 1
= McN c) — — chQ N c C.8
my C; 1(Xc) =myp (Z(Vp/g ) (x )) (C.8)

c=1

where Equation (C.7) was used. Noting the CPDI weighting function ¢y, given in Equation(3.30), one sees that the above
nodal mass can also be written as m; = mp@y,. That concludes the proof.
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D Moving least square approximations

Moving least squares (MLS) was introduced in Shepard [1968] in the late 1960s for constructing smooth approximations to
fit a specified cloud of points. It was then extended in Lancaster [1981] for general surface generation problems. The most
famous application of MLS approximation is probably within the diffuse element method (DEM) and element-free Galerkin
(EFG) method. In an MLS scheme the fitting is done locally i.e., the fitting is different from points to points. We first present
the one dimensional MLS. For a point x the approximation reads

ul(x, %) = pT(v)a(x) (D.1)

where the coefficients a vary in space, and p(x) is a complete polynomial of order m. They are defined as

a(®) = [ao(®) a1(®) ... am®], pEx) =[1 x x* ... xm] (D.2)

The MLS approximation is written as [Belytschko et al., 1994]

Wt () = S s, B = pT WA @ —xDp(r). AG) = 3wl —x)pGDPT (D) (p3
1

where ¢}VILS (x) is the MLS basis function, A(x) is the moment matrix, and w(x — xy) denotes the weight function (or kernel
function). The kernel functions have compact support, thus MLS approximation is local. The support size is defined by the
so called dilatation parameter or smoothing length.

D.1 Shepard approximation
If p = [1], the MLS approximation becomes the Shepard approximation which is given by
Y= wx —xy)

which can reproduce exactly a constant function i.e., if u; = ¢ then ul(x) = c. If we recall the projection of the particle
velocity to the grid nodes in the MPM (for 1D problems)

o — > p b1 (xp)mpvp _ >, ¢I(xp)mpv
' 2_p 1 (xp)myp >, b1(xp)mpy ”

which is similar to the Shepard approximation. That is why only a constant particle velocity field can be exactly projected to
the grid using the conventional MPM.

ul(x) = (D.4)

(D.5)

Weight functions Some commonly-used weight functions are

e the cubic spline weight function

2/3 —4r% 4 4r3 r<1/2
w(r) =13 4/3—4r+4r2—4/3r3 1/2<r <1 (D.6)
0 r>1

o the quartic spline weight function

1—6r2+8r3—3r% r<i
w(r) = 0 - = ) (D.7)

with
lx; — x|
r =

dr

(D.8)

where dj is the support size of node 7.
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Figure 98: MLS approximation of a linear function with Shepard function (left) and linear basis p = [I x]7 (right).
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Figure 99: MLS approximation of sin(7x) with linear basis p = [1 x]T. Second order convergence verified with sampling
points unequally spaced within the grid elements.

D.2 Examples

We test the one dimensional MLS approximations with constant and linear basis (i.e., a Shepard approximation and a MLS
with p = [1 x]T. A unit interval is discretized by 11 equally spaced grid nodes (mesh size is thus # = 1/10). Fifteen sampling
points are randomly distributed on the interval, denoted by x, with p = 1,2, ..., 15. These sampling points play the role of
material points in the MPM. A linear function u(x) = 1 4 x is considered. At the sampling point xp, one has u, = 1 + x.
The aim is to use MLS approximation to determine the functions at the grid nodes i.e., uy with I = 1,2,...,11. We use
the cubic spline given in Equation (D.6) with d; = 2h. The result given in Fig. 98 shows that the Shepard approximation is
unable to exactly reproduce a linear function while the MLS with a linear basis is.

Next we study the convergence property of MLS. To this end we consider the function sin(;rx) on a unit interval. This
interval is discretized by 20, 40, 80 and 160 elements. For each element two material points are randomly distributed so that
we have a distribution of material points that mimics a MPM simulation. Results are depicted in Fig. 99 which confirms the
second order accuracy of linear MLS. Although not shown here the linear MLS converges for very fine meshes.

D.3 Higher dimensions

Extension of MLS to higher dimensions is straightforward. For example, in 2D the linear basis is p = [1 x y]T and thus the
moment matrix is given by
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n 1 X VI
A= Z wx—Xy7) | X1 )cI2 X1y1 (D.9)
I=1 Yr o XxXryr Y%

and due to the compact support of the weight function, the sum ) _; operates only over the points within the circle centered
at x of radius being the smooth length. The argument to the weight functions is now written as r = ||x; — x|| /df where ||-||
is the usual Euclidean norm. Note that we are using a circular domain of influence.

E Utilities

This section presents some utilities that can be useful for junior computational mechanicians. First, Matlab codes for the
visualization of one/two dimensional functions (such as the shape functions employed in the FEM and the MPM) are given in
Appendix E.1. Second, utilization of SageMath — an open source computer algebra system — is discussed in in Appendix E.2.
SageMath is an open source CAS that aims to be an alternative to Magma, Maple, Mathematica, and MATLAB. Furthermore,
it supports technical writing using LaTeX. This system can be used to carry out lengthy and tedious derivations (such as the
derivation of CPDI functions and of MMS body forces).

E.1 Scripts to plot basis functions

This section presents Matlab scripts to plot various MPM basis functions. Listing 1 is used to plot one dimensional GIMP
functions on a grid of 4 cells and 5 nodes. The resulting plot was given in Fig. 17. Listing 2 presents commands to create
plots of two dimensional GIMP functions given in Fig. 18. Since the codes are quite self explanatory we do not provide any
explanations.

Listing 1: Matlab script to plot 1D GIMP basis functions

1 L = 4; % physical domain

2 elemCount = 4; % no of elements

3 nodes = linspace (0,L,elemCount+1); % nodes

4 dx = L/elemCount;% grid spacing

5 n = 23

¢ ptsCount = 250;

7 X = 0:L/ptsCount:L;% sampling points where phi_I evaluated;
8 shapeFunc = zeros(elemCount+1,length(x));

9 dshapeFunc = zeros(elemCount+1,length(x));

10 % compute phi_I and dphi_I, I=1:elemCount+l at x(j): j=1l:ptsCount
1 for I=1:elemCount+1

12 for i=1:length (x)

13 pts = x(i) — nodes(I);

14 [shapeFunc(I,i), dshapeFunc(I,i)] = getGIMP(pts ., dx,1.5);
15 end

16 end

17 %%

s figure (1)

19 hold on

20 plot(x,shapeFunc(1l,:), black—", LineWidth’ ,1.4);

21 plot(x,shapeFunc(2,:), red—’ ,’LineWidth’ ,1.4);

2 %plot(x,sum(dshapeFunc,1),’ black—" ,’LineWidth’ ,1.4);

23 axis equal, axis([0 4 0 1])
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Listing 2: Matlab script to plot 2D GIMP basis functions

% X,Y: grid of 200x200 points on a square 4x4

1

> [X,Y] = meshgrid (linspace (0.,4,200));

3 R = zeros(size (X,1),size(X,1));

4 xI = [2 2]; % node I with phi_I

s 1p = 1; % particle size

6 h = 1; % grid space

7 % compute phi_I at 200x200 points

s for i=1l:size(X,1)

9 for j=1:size(X,1)

10 X = X(1,1);

Y y = Y(j.1);

12 pts =x — xI(1);

13 [Nx, dshape] = getGIMP(pts . ,h,Ip);
14 pts =y — xI(2);

15 [Ny, dshape] = getGIMP(pts ,h,Ip);
16 R(i,j) = NxxNy;

17 end

13 end

19 % 3D plot

0 figure

21 surf (X,Y,R,’EdgeColor’,’none’,’  LineStyle’, none’,’FaceLighting’, phong’)
» hold off

23 % contour plot

u figure

s surf (X,Y,R,EdgeColor’, none’,’LineStyle’, ’none’)

26 hold off

27 axis equal, view ([0 90]), colorbar

E.2 Symbolic calculus

A computer algebra system (CAS) is a software program that allows computation over mathematical expressions in a way
that is similar to the traditional hand computations. CAS have been shown extremely useful, among other things, for deriving
complex expressions such as consistent material tangent matrices of complex constitutive models in the FEM community.
There exists excellent commercial CAS such as Maple, Mathematica and Matlab. In this section we present the derivation of
CPDI basis functions using SageMath. Other application of a CAS in the MPM is to derive the body forces corresponding to
a manufactured solution and get an optimized code for that force.

© ® N o U AW N -

Listing 3: SageMath script to derive CPDI-L3 basis functions

var(’xi x1 x2 x3’) # define variables
NI=—0.5%(1—x1)* xi

N2= 0.5%(1+xi)*x1i

N3= 1—xi”"2

x = Nlxx1 + N2xx2 + N3%xx3

J = x.diff(xi) # Jacobian

NI1J = Nlx%J

N2J = N2xJ

N3J = N3x%J

wfl = Nl1J.integral(xi,—1,1) # Ist func. weight without 1/Vp
wf2 = N2J.integral (xi,—1,1)

wf3 = N3J.integral (xi,—1,1)

view (wfl)

latex (wfl)

Listing 3 presents the SageMath scripts used to derive the CPDI-L3 basis functions (CPDI for 1D problems with each

particle represented by three-node line element). Note that the final command latex(wf1) is to export the SageMath object
wf1l to LaTeX which was copied to our LaTeX document to generate the following equation

! ! +2 (E.1)
2x1 6X2 3)(3 .
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Listing 4 presents the SageMath scripts used to derive the CPDI-Q4 basis functions. Line 13 is used to carry out double
integrations.

Listing 4: SageMath script to derive CPDI-Q4 basis functions

var(’xi eta x1 yl x2 y2 x3 y3 x4 y4’)

1

2 NI1=0.25%(1—xi)*(l—eta)

3 N2=0.25%(1+xi)*(l—eta)

4 N3=0.25%(1+xi)*(l+eta)

s N4=0.25%(1—xi)*(1l+eta)

6 X = NI*xl + N2xx2 + N3%x3 + N4 * x4
7y = Nlxyl + N2xy2 + N3xy3 + N4 x y4
s J = x.diff(xi)xy.diff (eta) — x.diff (eta)xy. diff (xi)
9 NI1J = NIxJ

10 N2J = N2xJ

11 N3J = N3xJ

12 N4J = N4x]J

3 wfl = integral (integral (N1J,eta,—1,1),xi,—1,1)
4 wf2 = integral(integral (N2J,eta,—1,1),xi,—1,1)
15 wf3 = integral(integral (N3J,eta,—1,1),xi,—1,1)
16 wf4 = integral(integral (N4J,eta,—1,1),xi,—1,1)
17 show (wfl.simplify_full ())

18 show ((wfl+wf2+wf3+wf4d ). simplify_full ())

F Explicit Lagrangian finite elements

It is a common practice to verify a new method with the FEM. Therefore, it is convenient to have a FEM code in hand. Due
to this reason, we present the implementation of explicit dynamic Lagrangian finite elements for large deformation solid
mechanics problems. Readers are referred to textbooks e.g., Belytschko et al. [2000], Wu and Wu [2012] for derivations
and a comprehensive treatment of the topic. The focus is on implementation aspects to help post-graduate students. Our
discussion is confined to nonlinear elastic materials in the framework of hyperelasticity. We believe that this type of materials
is sufficient to demonstrate finite element formulations for large deformation problems without delving too much into the
stress update of more complex materials such as hyperelastic-plastic ones.

Finite elements using Lagrangian meshes are commonly classified as total Lagrangian formulation and updated La-
grangian formulation. In both formulations, the independent variables are the material coordinates X and time 7. In the total
Lagrangian formulation, the stress and strain are Lagrangian, i.e., they are defined with respect to the reference configuration
(for example, the nominal stress is employed), spatial derivatives are computed with respect to the material coordinates.
The corresponding weak form therefore involves integrals over the reference configuration. On the orther hand, the updated
Lagrangian formulation uses the Eulerian strain and stress measures e.g., the Cauchy stress, spatial derivatives are com-
puted with respect to the spatial coordinates x. The corresponding weak form therefore involves integrals over the current
(deformed) configuration.

F.1 Updated Lagrangian finite elements
The computational domain is discretized by continuum elements and the solution is advanced in time using the central

difference scheme (or the leapfrog scheme). We pay attention to the flowchart and the computation of the internal force
vector.

F.1.1 General flowchart

The flowchart of an updated Lagrangian FE code is given in Algorithm 14. As the mass matrix is constant, it is computed
once.
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Algorithm 14 Updated Lagrangian finite elements.

1: Initialization

2 Initialize nodal velocities/displacements and stresses at Gauss points;
3 Compute the consistent mass matrix, diagonalize it;

4: end

5: whiler <ty do

6 Compute nodal forces (refer to Algorithm 15)

7 Compute external/internal forces 7', £

8 Compute nodal force £}, = £ 4 £

9

: end
10: Update the velocity v/™4! = v + (f;/m;) At
11:  Fix Dirichlet nodes / e.g., v/t4 =¥
122 Update displacements u’ "4’ = u} 4 Arv/ T4
13:  Update mesh x;"4" = x! 4 Arv T4

14: end while

F.1.2 Computation of internal force

For simplicity we confine our discussion to two dimensions. The internal force vector at a generic node / is given by

int 0'11
! =/ [N”x 0 N”y] 09 | A2 (F.1)
J}'}t 2l 0 Niy Nix o1a

where derivatives are with respect to the current configuration. For an element with n nodes, we can collectively gather the
internal force vectors of all n nodes to get the so-called element internal force vector'?

fint = / BTod2 (E2)
where §2, denotes the element domain and B is written as
Nl,x 0 Nz,x 0 P Nn,x 0
B = O Nl’x O Nz’x P O Nn’y (F.3)
Nl,y Nl,x N2,y N2,x cee Nn,y Nn,x

which is a 3 X 2n matrix.

Algorithm 15 Updated Lagrangian: computation of internal forces at time ¢.

1: for each element e do

2 get element connectivity of e, esctr

3 get element coordinates of e, X,

4: initialize element internal force fi* = 0

5: for each Gauss point g do

6 compute the shape functions/derivatives N(§,) and dNdxi(§,)
7 compute the Jacobian J = (x.) dNdxi

8 compute the shape function derivatives dNdx = dNdxiJ !

9: compute B matrix
10: compute stresses

11 compute internal force fi* = fi* + BTo ,w, det]J
12: end for

13:  Assemble f" to the global internal force f™ using esctr
14: end for

3For finite elements it is more common to work on an element basis rather than on a node basis. Therefore we do not compute
the internal force node by node but rather we compute it element by element. This is not a requirement but we decided to do so to be
consistent with the FEM practices.
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If the Cauchy stresses are stored in a full matrix rather than in a vector (using the Voigt notation), then the element
internal force is given by

[~ rint int™] _M M
x1 y1 0x dy
int int IN> ON>
S / P |0 Tyl = / B'[o]de (F4)
. . e . . Oyx Oyy e
int int 81;J,, 31;7,1
L/xn yn_| | ox N

which is implemented in our Matlab code. We find it convenient in Matlab to work this way when we assemble the element
force into the global force.
One can compute the gradient deformation from the gradient velocity L as done in the MPM. Alternatively one can

compute F directly as follows
ax (X)) gu\~! -
F=_=(—-] =(I-—-) =(1-uvB" F.5
X (ax) ( ax) (I-uB) E5)

where u® denotes the element displacement matrix of which explicit expression can be found in Equation (F.11).

F.2 Total Lagrangian finite elements

The general flowchart of a total Lagrangian FE code is similar to the UL finite element code except that one does not update
the mesh i.e., the node coordinates are not updated, as we are always working on the initial reference configuration.
The TL form of the internal force vector is given by [Belytschko et al., 2000]

. dNT
1t — — Pp;d2 (F.6)
il ki
¢ 0Xp
which can be rewritten explicitly as in 2D
int int] _ / [aﬂ 3&] [ Prx Pry } e (E7)
[ xI Iyl 2o X W || Pyx Py
And for an element with # nodes, Equation (F.7) yields the following expression for the elemental internal force matrix
[ pint int™] ON1 0N
x1 y1 X aY
int int ON>  IN2
x2 y2 _ / 0X aY [ixx ixy] do (F8)
: : QS . . yx Yy
int int 31;1,1 aN,,
L/xn  Jyn | L9x oy -
Or in a more compact form as
. N,
nt| _ T — — I=X
(] = [98 Bl [P]d2. Bo=[B: By ... B,|. B — [NLJ (£9)

which is very similar to the corresponding UL form of the internal force. It should be noted that, when using the nominal
stress the stress is now stored as a matrix (because it is a non-symmetric tensor) not as a vector, and thus the internal force is
now a matrix. We use square brackets to differentiate an internal force matrix from an internal force vector.

Next we present how to compute the deformation gradient (which is needed to determine the stresses). There are different
ways to achieve this goal. For example, one can compute F using the displacements via the following equation

Fij = 8ij + {?% = 8;j + g—])\guil (F.10)
which can be explicitly written for an element with n nodes
AN ANy
8&“ 8&14 381\)52 8313/,2
F=1+ 0X x aY xl =1+ |:Mx1 Ux2 ... uxn:| X 9y (F11)
8&111 %ul Uyl Uy2 ... Uyp : :
ax "t oy Y N, N,
- 0X ay -
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or compactly as F = I+ u, Bg with u, is often referred to as the element displacement matrix. We are now ready to compute
the TL internal force. The algorithm is given in Algorithm 16. Note that there are different implementations that employ the
second Piola-Kirchhoff stress tensor S. We refer to the textbook [Belytschko et al., 2000] for details.

Algorithm 16 Total Lagrangian: computation of internal forces at time ¢.

1: for each element e do

2 get element connectivity of e, esctr

3 get element coordinates of e, X,

4 get element displacements of e, u,

5: initialize element internal force [f™] = 0

6 for each Gauss point g do

7 compute the shape functions/derivatives N(§,) and dNdxi(§ )
8 compute the Jacobian J = (X,)TdNdxi

9 compute the shape function derivatives dNdx = dNdxiJ !

10: compute B, matrix

11: compute F = I + u,B3;

12: compute stresses [P] using F

13: compute internal force [f"] = [f"] + B[P],w, detJ
14: end for

15: Assemble [fi"] to the global internal force f™ using esctr
16: end for

G Axi-symmetric MPM

Structures of revolution (SOR) subject to loading which is symmetric about the axis of revolution can be effectively modeled
using the so-called two dimensional axi-symmetric formulations. As can be seen from Fig. 100, a SOR is obtained by
revolving a generating cross section around the axis of revolution 360°. The spatial discretization is thus only performed on
the 2D cross section. The resulting axi-symmetric formulation is quite similar to the 2D one. The major modeling difference
is the appearance of the circumferential (or hoop) strain and stress (egg and ogg). Axi-symmetric MPM formulations have
been presented in Sulsky and Schreyer [1996], Ma et al. [2013], Nairn and Guilkey [2015].

A Z
df
(b) (©

Figure 100: A solid of revolution (a) and its two dimensional representation (b). We consider a cylindrical coordinate system
with coordinates (r, 8, z), and with z along the axis of symmetry.

For the ULMPM, the following are modifications for axi-symmetric problems:

e Particle mass per radian (which varies from particle to particle):
mp = / pr d§2 = ,oAprI? (G.1)
QP
where the coordinates of particle p are X, := (1}, z).
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e The nodal internal force vector is given by

. i a a
=3, [<oﬂ)p%<"p> t (C’fz)P%("”) + (00) ¢I:XP)}
V4

p=1 (G.2)

. o d d
Zl?t = - Z Vp [(Urz)p%(xp) + (Uzz)p%(xp)]
D

=1

which is only slightly different from the 2D case — the only modification to fri}“ is the third term which comes from
the contribution of the energy oggegg. In the above equation, V), is the particle volume per radian.

o The initial particle volume per radian is given by

VY =mp/p° (G.3)
e The velocity gradient matrix is written as
Lyy Lyz 0
N] X
L=|L; Lz 0 . Lgg = Z MU?‘I G4
0 0 Lgs 7'

Remark 42 [If GIMP or CPDI are used, one needs to use the axi-symmetric forms of the GIMP/CPDI weighting functions.
Details can be found in [Nairn and Guilkey, 2015]. For other weighting functions, the expressions for 2D plane and 3D
problems can be directly used.

Figure 101 shows a simple verification test of billet upsetting [Sulsky and Schreyer, 1996]. The test was simulated using
the 3D standard MPM and the axi-symmetric MPM. The 3D simulation involves 47 744 particles whereas the axi-symmetric
one contains only 696 particles. The results are very similar to that of Sulsky and Kaul [2004].

Load (kN)

Figure 101: Simulations of billet upsetting using a 3D and an axi-symmetric MPM.
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